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On some geometric inequalities on spaces with
bounded curvature

Chien-Hsiung Chen

Abstract

Suppose R(A) is a Riemannian trian-
‘gular region of curvature < 1, and &’
is its comparison triangle in S?, with
perim{A) < 2w and with T'(A) is not
homotopic to a point, then we have
area( R(A)) > 47 — area(R(A"). .
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1 Background and

Motivation

The study of metric differential geome-
try and generalized Riemannian spaces
was poineered by A. D. Alexandrov in
the 1950's. Qeneralized Riemannian
spaces differ from Riemannian spaces
uot only in their greater generality but
also by the fact they are defined on the
basis of their metric alone, without co-

ordinates.

By a space with bounded curvature
K in the sense of Alexandrov we means
a metric space such that geodesics,
angle between two curves can be de-
fined. Suppose that a triangle Twhich
is formed by three geodesics in a space
with bounded curvature by K, take a
corresponding triangle 7" such that the
side is the same length as T'. If the
angle of T is not greater than that
of corresponding angle in 77, than we
say that metric space is a space with
bounded curvature. It can be proved
that A Riemannian manifold with cur-
vature bounded above by K is a space
with a bounded curvature from above
by K, see {1} for detail.

In this paper we are principally inter-
ested in isoperimetric inequalities . The
isoperimetric inequalities has a long
history, and one could attach to it a
long list of names. For an exposition of
this, and many related inequalities, we
refer to [6]. Here we metion a isoperi-
metric inequality which is related to our




work. The theorem [1]say that the area
of a ruled surface spanned on a closed
rectifiable curve L in a space with cur-
vature bounded by K with vertex at a
point on L is not greater than the area
of a disk on space form with length of
circle equal to length of L.

2 Main Results and
Discussions

By a Riemannian triangular region, we
mean a path -metric p on the disk, such
that plintD is Riemannian, and such
that the boundary of D cousists of three
geodesics arranged in a triangle. The
main result of this paperis the following
theorem :

Theorem 1 IfR(A} is a Riemannian
triangular region of curvature < 1, and
A" is its comparison triangle in S?,
with perim{A) < 2% and with T(A) s
not homotopic to a point, then we have
area{ R{A)) > 4m — area(R(A').

Proof. (Outline) Subdivide R(A) into
sufficient small triangles. For each suffi-
cient small triangle the Theorem is true
by computation. Then glue all the tri-
angles together. Theorem then follows

from Proposition 1 and Proposition 2.
0O

Proposition 1 [1] The functional of
aree has the following properties:

1. There is a sequence of complezes
that approximate a given surface f
n a metric space (M, p), the limit
of whose areas is the area of the
given surface.

2. (Semicontinuity) If the sequence of
surfaces fn in (M,p) converges
uniformly to the surfaces f, then

A(f) < lim Alfn).

8. (Kolmogrov’s principle) If p is a
non-expanding map and f is a sur-
face, then p o f is a surface in
(M, p} and

Alpo f) < A(f)-

Let (M), p) and {Ma, pz) be metric
spaces. We say that a map f: M; —
M, is non-expanding if

,Oz(f(l‘), f(y)) S .Dl(X= Y):Xa Ye Ml-

We say that f, which maps rectifiable
curve Ly in M, onto a rectifiable curve
Lo in M, , preserves arc length if it
takes any arc in L; onto an arc of the
same length in Ly. Let v be a convex
domain in a space with bounded cur-
vature K with bounding curve N. We
say that V majorizes a closed rectifi-
able curve L in a metric space (M, p)
if there is a non-expanding map of the
domain v into M that maps N onto L
and preserves arc length.




at

Proposition 2 [1] For any closed rec-
tifiable curve L in a space with curve-
ture bounded by K there is a conver
domain on o space form with constent
curvature K that majorizes the curve L.

3 Self Evaluation

The main theorem we are proving here
is very interesting itself and can be used
in minimal area problem in surface the-
ory. The project is quite sucessful be-
cause it meets the goal of the auther.
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