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Abstract

The main purpose of this pader is to
investigate the following conjecture
suppose that warped product space
(MxN,d;)is a non-positive curved

Alexandrov space, thenboth M and N must
be non-positive curved Alexandrov
space and function f is convex.
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First we
definitions and notati

review some
ons relevant to

this paper, for detail we refer to[1,4].
A curve is a continugus map from an
interval to a metric space. A curve in
a metric space is called a geodesic if
its length is equal to the distance

between 1ts edns.

A metric space 1S
called geodesic if for

any two points

in metric space, there is a geodesic

between them. A space
bounded from above by K
for each point in sp
neighborhood
triangle in this neighb
a comparison triangle]

with constant curvaturs

K-concavity property,

be points on sides AR
T=AABC o

triangle
curvature bounded from
D' and E'the correspd
the sides of the comp

such that

with curvature
is by definition
ace there 1s a
for each
orhood, there is
in space form
» K and satisfies
namely let D, E
and Ac of the
n space with
above by K and
nding points on

arison triangle

T' = AAB'C' on space form with constant

curvature K, then DE
The main theorem i

the following:

Main Theorem. If (M,d,,

< D'E'.
n this paper is

) and (N,d,) are




two metric spaces with distance
function d,, and d, respectively. If
warped product space (M xN,d,) is a
non-positively curved space, then M and
N are non-positively curved spaces
provided function f has minimum and
function f is convex. We now Zocus on
the proof of the main theorem. We need
the following lemmas:

Lemma 1. iscrucial stepasitrelated
geodesic in component space to the
whole space.

Lemma 1. Geodesics in d 1lift
horizontally to geodesics in
(MxN,d;). Thus Mx{p} is totally
geodesic in (M xN,d,) for every point
peEN.

Proof. The idea of proof is to show that
Geodesic in M 1is shortest anong all
the curves with the fixed end points.

Lemma 2. If pe M 1is a local minimum
point of function f, then (p,a) is a
geodesic (MxN,d,) for every
geodesic o in N.

in

Proof . The idea of proof is sinilar to
that of Lemma 1.

Lemma 3. Let ¥ be a geodesic in M and
f be a continuous function on M. Let
a=yxp and f=yxq be two lifts of

7. Then lim¥ (“(’)’ﬁ(‘%N (g~ [ PO

p—>q
Proof. The proof is base on Lemma 1.

Now apply the K-convexity propzrty, we
have the following result. There is a
similarily result in Riemannian
geometry. But the proof 1is quite
different. This result also show the

powerful of the notation of Alexandrove
space with curvature bounded from above
as there 1s no Riemannian metric but

many theorems can st

111 be proved.

Lemma 4. The distance function between

two geodesics in a

curved space 1S convex.

non-positively

Proof. It suffices to show that if 4B
and CD are two geodegic segments, E

and F middle point

of 4B and CD

respectively, then EF|< )/2(AC+BD).
Let AA'CD'" and AA'B'D' be the
comparison triangle |of AACD and

AABD respectively. Let G and G’ be
the middle point of geodesic segment

AD and A'D

respectively. Then by

K-convexity, we have EG < E'G' = )/ BD

and GFSG'F'=)/2AC.

2
Add up these two

inequality and the result follows.

Lemma 5. Suppose that (M,d) 1is a
non-positively  curved Alexandrov
space , then (M,nd) 1s a non-

positively curved Alexandrov space.

Proof of the Main Theorem. For clarity
we divide the proof into three steps.

Step 1.
We shall show that M

1s a Alexandrov

space with non-positive curvature.

We claim that every po

nt x in M has

a ball which is a Alexandrov space with

non-positive

curvdture.

Since

(MxN,d;) is a Alexandrov space with

non-positive curvature, we can find a
ball B(x,r) in M such that B(x,r)xp

1s a Alexandrov space w
curvature. Let T be

B(x,r). Then Txp 1is

Lemma 1.

1th non-positive
any triangle in
a triangle by

Hence T Has K-concavity




property and B(x,r) is convex. It
follows that M is a Alexandrov space
with non-positive curvature.

Step 2.

We shall show that N is a Alexandrov
space with non-positive curvature.
Suppose that function f takes its
minimum at point m in M  Since
(M xN,d,;) is a Alexandrov space with
non-positive curvature, there isaball
B(x,r) In (N.d;ma,) suca that
mx B(x,r) lies in (M xN,d,). Let A be
any triangle in B(x,r) in (Nod ) -
Then mxA is a triangle by lLemma 2.
Thus A has the K-concavity property
and hence B(x,r) 1in (N,d;,00,) is
convex. Therefore (N,f(m)d,)is a
Alexandrov space with non-positive
curvature.

By Lemma 5. It follows that (N.d,) is
a Alexandrov space with non-positive
curvature.

Step 3. By Lemma 4, we have

EF <tAB+(1-t)CD, divide this

equation by d,(p,q) get

EE/ <148 ,(-0CD .
dy(p,q) dy(p,q) dy(p,q)

Letting p = ¢, we see that function f
1S convex.

9~ SrERRET

In this paper we proved a beautiful
theorem conjectured by Professor R. L.
Bishop. The beauty of this theorem is
that the notation of Alexandrov space,
convex function are related by this
Main Theorem and method used here is
pure geometric. Furthermore this
theorem may be applicable to general
relativity [5,10]. Our method can be

used
lower bound, for thig
please refer to [6]. We

In the Alexandrpv spaces with

kind of space

achieve the goal

of this project and from this point of

view this project is s
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