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Let (X, I', u) be an atomless finite measure space and & < I a convex subfamily.
It is proved that the Moreau-Rockafellar theorem, A&(F,+ --- + F ) (Q)=
OF,(2)+ --- + dF,(RQ), holds for proper convex set functions Fy, .., F, and Qe & if
all set functions F,, except possibly one, are w*-lower semicontinuous on &. As
applications, the Kuhn-Tucker type condition for an optimal solution of convex
programming problem with set functions and the Fritz John type condition for an
optimal solution of vector-valued minimization problem for set functions are
obtained.  © 1988 Academic Press, Inc.

1. INTRODUCTION

Throughout the following let (X, I, u) be a finite atomless measure space
and F,, F,,.,F,, G,;,G,, .,G, be convex real-valued set functions
defined on a convex subfamily & of the o-field I We consider an
optimization problem as follows:

(P) Minimize: F(Q2)= (F(Q), F5(Q), ..., F(2))
Subject to: Qe ¥ and G(2)<0,=1,2,..,m.

Because the linear operations can not be applied to o-field I, the convexity
of set functions must be first defined. This type of problems has many
interesting applications in fluid flow, electrical insulator design, and
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optimal plasma confinement (see the references in [13], see also
[2,3,8,9]). In [13], Morris introduced the notions of differentiability and
convexity of a real valued set function on a measure space. Following
Morris setting, Lai et al. proved the Fenchel duality theorem for set
functions [8] and characterized an optimal solution for a minimization
problem of convex set functions in terms of the saddle point of a
Lagrangian function [9].

Recently, Chou, Hsia, and Lee have studied the programming problems
for set functions in [2,3]. In [2], they used the Farkas—Minkowski,
theorem to establish a necessary condition for the optimality of convex set
functions with a constraint qualification; and in [3], they considered the
second-order differentiable set functions and proved a second-order
necessary condition for a local minimum of a minimization problem with
an inequality constraint for set functions.

In this paper we will prove a theorem of Moreau—Rockafellar type for set
functions, and then use the theorem to prove a Kuhn-Tucker type con-
dition for an optimal solution of the minimization problem (P) for real
valued set functions. If the set functions are vector-valued, the Fritz John
type condition for an optimum of the multiobjective minimization problem
(P) 13 established. The Kuhn-Tucker type condition for an optimal
solution of functions on the usual linear space has been shown in Mond
and Zlobec [12, Theorem 2] as well as in Kanniappan and Sastry [7,
Theorem 2.2, while the Fritz John type condition has been proved in Lai
and Ho [10, Theorem 3.1].

2. DEFINITIONS AND BASIC PROPERTIES FOR SET FUNCTIONS

We assume that (X, I, u) is an atomless finite measure space. Each Qe I
can be identified with its characteristic function xoeL (X, 7, u)c
L,(X, I, p) and so the o-field I is identified as a subset x,= {yo|R€e '} of
L (X, Iu)=L>*. For a convex set function F:¥ — R, we admit
F(Q)=F(A)if yo=x,, u-ae., thus F can be regarded as a function defined
on y,={xe:Qe%} in L*. Similar to [13, Proposition3.2 and
Lemma 3.37, for any (@, A, ))e I'x I'x [0, 1], there exist sequences {£,}
and {A4,} in I" such that

Lo Mg and 1, — (1= x4 (1)

imply

Ao tro @ mty—a Axa+ (1= 4) 14 (2)
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where w* stands for the weak* convergence (cf. Morris [ 13]). The sequene
{(V,=Q,04,0(2n A)} satisfying (1) and (2) is called Morris sequence
associated with (2, 4, ).

DeFNITION 1. A subfamily &% of I is called convex if any
(2,4, 4)e S xF x [0, 1] associated with a Morris sequence {V,} in I
exists a subsequence {V, } such that

V=8,uAd,u{nAtes  forallk (3)

273

DErFINITION 2. A set function F:.% — R is called convex on a convex
subfamily & < I' if for any (Q, 4, 1)e ¥ x ¥ x [0, 1], there exists a Morris
sequence {V,} in & such that

lim F(V,) < AF(Q) + (1 — 4) F(A). (4)

DEerFINITION 3. A subset BcRx I is called convex if for any (r, Q),
(s,A)e B, and 1€[0, 1] and any Morris sequence {V,} associated with
(2,4, 4), there exist a subsequence {V,} of {V,} and a sequence
ty = Ar+(1—A)s such that {(7,, V, )} cB.

DeFmNITION 4. Let F: ' R* =R u {0} be a set function with

Dom F= {Qe I'| I(Q) is finite} = .%.

(i) Fis called w*-lower (resp. w*-upper) semicontinuousiv*-l.s.c./w*-
us.c.)at Qe & if —oo < F(Q)<lmF(Q,) (resp. oo > F(Q) =1lim F(Q,)) for
any sequence 2, €% with yo, =" .

(i1) F is called w*-continuous at Qe & if F()=1lim F(Q,) for any
sequence 2, € & with y, - xq.

We will assume F({J) =10 throughout.

PROPOSITION 1. Any convex set function F on a convex family & < I is
w¥*-upper semicontinyous.

Proof. Take A=, A,=J, and A=1 in (1) and (2). Then for any
Qe >, there is a sequence {2,} < I such that

Xa, — o= Xog-
It follows that
Iim F(Q,)=1im F(Q,uA4,u(Q2nJF))
<F2)+(1-1) F(@)
=F(Q).
Hence F is w*-upper semicontinuous on .. Q.E.D.
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The following corollary follows immediately from Proposition 1.

COROLLARY 2. Every w*-lower semicontinuous convex set function is
w¥*-continuous.

Let I” denote the w*-closure of . in L™. Then I'={fe L*|0< f< 1}
(cf. [4, Corollary 3.6]). If Ac Rx I', we use A to denote the w*-closure of
Ain Rx L™,

Let A7(f) be the family of all w*-neighborhoods of fe I'. We now extend
a convex set function F on a convex subfamily & to its w*-closure 7.

DeriNITION 5. The w*-lower (resp. w*-upper) semicontinuous hull of a
set function F on & < I' is a functional F (resp. F) on % defined by

F(f)y= sup inf FQ) for fe& (5)

VE_,-(”QE Vo

(resp. F(f)= inf sup F(Q) for fe F).

Vet Nl oevay

The following proposition follows immediately from Definitions 4 and 5.

PropoSITION 3. (i) F(Q)sF(Q)<F(Q)for al Qe &.
(i) If F is w*lsc. (resp. w*-usc.), then F(Q)=F(Q) (resp.
F(Q)=F(Q)) for Qe ¥.

(iii) If F is w*-continuous on ¥, then F=F on & It follows that F is
the unique w*-continuous extension of F.

(iv) If F is convex on a convex subfamily &, then & is convex in L™
and F is convex on % (cf. [4, Corollary 3.10]).

For a convex set function F: & — R on convex subfamily & we set
[F,Z1={(r,Q)eRxT'|Qe¥, F(Q)<r}.

Then [F, %] is a convex family of Rx I". It follows immediately from
[4, Proposition 3.9 and Corollary 3.10] that

LEMMA 4. Let & — R be a convex set function on the convex family
S < I Then

[F,Z]1=[F %], (6)
and [F, #] is a convex subset of Rx L™,
LemMa 5 (cf. [4, Corollary 3.121). Let F: ¥ — R be a convex w*-con-

tinuous set function. If & has a relative interior point (w.r.t. the L®-norm
topology), then [F, ¥ has a relative interior point.
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DeFINITION 6 (cf. [9, Definition 1]). The element fe L,(X, T, u) is
called a subgradient of a convex set function F at Q,e I if it satisfies the
inequality

F(2)=2 F(82,)+ <ZQ“XQ,),./(‘> for all Qel. (7)

The set of all subgradients of a set function F at Q, is denoted by dF(£2,)
and is called the subdifferential of f at Q. If 0F(Q,) # {J, then F is called
subdifferentiable at Q,.

It is easy to show that a point Q* minimizes F(2) for Q e I' if and only if
0e dF(Q2%*).

3. THE MOREAU-ROCKAFELLAR THEQREM

A function g from a Banach space V to Ru {co} is called proper if g
does not take — oo and does not identically equal to co.
The Moreau—-Rockafellar theorem can be stated in its general form

MOREAU-ROCKAFELLAR THEOREM. Let g, ..., g, be proper convex real-
valued functions on a Banach space V. Then

0g(x)+ - + g (x)cdlg, + - + g,)(x)

for every x e V. If all functions g, ..., g,, except possibly one, are continuous
at a point xo€ (Dom f}n --- n(Dom f,), then

0g(x)+ --- +0g,(x)=0(g, + -~ + g,)(x)

Jor all xe V.

This theorem plays an important role in the theory of optimization for
nondifferentiable convex functions. We say that a set function
F:Ir->Ru{oo} is proper if F# oo on I'. The following is a theorem of
Moreau-Rockafellar type for convex set functions.

THEOREM 6. Let F,, F,: I'> Ru {c0 } be proper convex set functions on
Dom F,=Dom F,=.%. Then

OF (R)+ dFy(RQ) < &(F, + F,)\(Q)  forall Qel (8)

Suppose that & is a convex subfamily of I' and that &P, the weak*-closure of
&, has a relative interior point, if F, is w*-continuous on &, then

O(F, +F,)(R)=0F,(Q)+0Fy,(Q) forall Qel (9)
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Proof. The inclusion (8) follows immediately from the definition of
subdifferential of set functions.

We prove only the equality (9). For Qe ¥ and fed(F, + F,)(Q2), we
define

G(A)=F((A)—F ()= 21— xa) [
and

Go(A)=Fy(A)—F5Q) for Aerl

Since F, and F, are proper convex set functions, G, and G, are proper
convex set functions on &, and

G(2)=Gy(2)=0= (G, + G, )(2).
As fe 0(F, + F,)(Q2) we have
(G + G ) A) = 0= (F i+ F))(A)— (Fi + F)(2) = {ga—das [
=0 for all AeT,

it follows that 0e d(G, € G,)(2) and

min (G, + G2)(4) = G,(2) + G5(2) = 0. (10)
Let C,=[G,,%] and C,={(y,h):(—y,h)e[G,, #]}. Then from
Lemma 4, C, and C, are convex subsets of R x L*(X, I', u). Since F, is w*-
continuous on % and # contains a relative interior point, it follows from
Lemma 5 that C; has a relative interior point. In order to apply the
separation theorem, we need to prove that (ri C,)n C,= ¥, where ri C,
denotes the relative interior points of C,. If not, let (y, h)e (ri C,)n C,.

Then there exists an £ >0 such that G,(h) <y —¢ and a sequence {Q,} in
& such that y, —"" h and limG,(Q,) < —7. Since (y, h) e C,, we have

(_yv h)e [Gz,y]z [GZ’ y]

Since G, is w*-continuous on &, lim, , . G,(2,) =G, (k). Hence there is a
sufficiently large n such that

G, (Q)<y—c¢ and G,(2,)< —y+e

which implies
(G,+ G,)(R2,)<0.

This contradicts (10). Hence

Con(riCy)=g.
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Thus C, and C, can be properly separated by a hyperplane in Rx L~*.
Since [G, ¥ )< C, and the set B= {(y, 2): (—7, )€ [G,, ¥]} = C,, this
hyperplane can separate [G,, %] and B. By assumption ri.% # ¢, the
hyperplane is not vertical. Thus the nonzero functional can be taken by
(=1, g)eRx L (X, T, u) such that

sup  {(y. h), (=1, g)>< inf (3, ), (—1, g)).
(7 e ey

That is, there exists an « € R such that

sup {<xmg>—y}<a<( inf  {{x4, 8>—7}

(v, 1) e [G1, ¥] nxa)e B

Since (G,(2), xo)=(—GxR2), xo)=(0, xo) belongs to [G,,F]1NB, it
follows that

a8 — G A)Sa=}Yqo, &)~ G,(2)
for all A€ % and
a8+ GoA)Za= g, 80+ G5(2)
for all 4e€.%. In other words,
GiMZ2G Q)+ Aa—Xa> &
and
G M2 G )+ Yy~ Xo» —gy forall Ae?.

Since G, and G, are proper convex set function, thus for any A¢.%,
G,(A)= o0, and G,(A)= oo. Hence

GN)ZG () + xa—xa> &
G M2 G () + g0, —g>  forall AeT;
that is, g€ 0G () and — g€ G,(R), so it follows that
0€0G,(2)+0G,(Q)=0F,(2) — f + OF(RQ).
Consequently,
SedF (2)+ 0F,(RQ).
Therefore,

O(F, + Fy)(Q) < 6F () + 0F,(2)  for Qe &.
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If Q¢.%, then F\(Q)+ F5(2)= o0 and o(F, + F,)(2)= . Thus
O(F,+ F,)(Q)c 0F(2)+ 0F,(Q) for Qel. (11)

From (8) and (11), we obtain (9). The proof is complete. Q.E.D.

Remark. According to Corollary 2, the condition of w*-continuous in
Theorem 6 can be replaced by w*-lower semicontinuous.

The following corollary follows immediately from Theorem 6.
CorOLLARY 7. Let F\, F,,..F,:I'=>Ru{w} be proper convex set
Sfunctions on ¥ =Dom F,, i=1,2, .., n. Then
OF ()+ - +0F (Q)<d(F,+ --- + F)(2)

for all Qe Suppose that & is a convex subfamily of I', ¥ contains
a relative interior point and all functions F;, except possibly one, are
w*-continuous on ¥, then

O(F + -+ +F)Q)=0F(2)+ --- +0F,(Q) (12)
for all Qer.

In Proposition 3(ii1), we have already proved that a w*-continuous con-
vex set function F on a convex subfamily & has a unique w*-continuous
extension F. We will show that the Moreau—-Rockafellar theorem holds for
functions F. At first we show a relation between the subdifferentials of F
and F.

LEMMA 8. Let & be a convex subfamily of I’ and F:I'->RU {00}
be w*-continuous and convex on . We assume further that F is the
w*-continuous extension of F to &. Then

OF(Q)=0F(Q) forall Qe%.
Proof. Let Qe ¥ and ge dF(Q). Then

FHZF2)+{f—yxo,g> forall feL>.

Since F(A)=F(A) for A€ % (see Proposition 3(ii)), we have
FA)2F Q)+ {1—xa> & for Ae .

If A¢ %, then F(A)= c0. Thus

FAZ2FQR)+<{t1—Xos 2> for all Ael.
This shows that ge 0F(2) and 0F(Q) < 0F($2).

409/132/2-17
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Conversely, if g € ¢F(82) then for any fe % corresponding to a sequence
{Q,} =& that y, —>"" f implies

F(f)=lim F(Q,)> lim [F(Q)+ (g, — Yo, &)

n— o0 n— A1

:F(Q)+ Sf=xar 80
and if fe L*\.% then F(f)= o0, so

Ff)2FQ)+{g f~1o) forall feL™
This shows that g € F(£2). Hence 0F(Q) = 0F(Q) for Q€ . Q.E.D.

THEOREM 9. In Theorem 6, if both F, and F, are w*-continuous on &,
then

(i) O(F+ F)(f)=0F(f)+0F,(f) for fe L™,
(i) O(F, + F,)(2)=0F,(Q) + 0F,(Q) for Q€ .

Proof. Since F, and F, are w*-continuous on the w*-compact set .Z,
(i) follows from the Moreau-Rockafellar theorem in Banach space and
(i) follows from Lemma 8. Q.E.D.

4. KUuuN-Tucker TyPE CONDITION FOR SET FUNCTIONS

Let F, G, G,, .., G,, be real-valued set functions on I. We consider, in

this section, a single objective optimization problem for set functions in the
following form

(P,) Minimize: F(Q)

Subject to: Qe & and G(2)<0,j=1,2, .., m,
where & is a subfamily of I

The main purpose of this section is to show that a necessary condition of
Kuhn-Tucker type holds for an optimal solution of problem (P,) for set
functions. We need the following lemma (cf. [2, Theorem 3.27).

LemMA 10. In problem (P,), let F, G, .., G, be real-valued convex set
Jfunctions on a convex family ¥ < I'. We assume further the Slater condition:
there exists a set Qo€ & such that G(82,)<0,j=1,2, ., m If Q¥ ¥ is an
optimal solution of (P ), then there exist nonnegative real numbers Af, ..., A%
with A* = (AF, ..., A}), such that

Y AXGR*)= (A%, G(2*)) =0, (13)

i=1
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and (Q* A*) is a saddle point of the Lagrangian function
L(Q, A)=F(Q) + (4, G(Q)>. That is,
F(Q*)+ (4, G(Q*)) <F(Q*) + (A%, G(Q%))
S F(Q2)+ {4%, G(2)) (14)

for all A= (4, ..., A,) with 4,20 and Qe ¥.

THEOREM 1. Let F, Gy, .., G,, in (P,) be proper convex set functions on
a convex family & < I' and satisfy the Slater’s condition (cf. Lemma 10). We
assume further that all of the set functions F, G, ..., G,,, except possibly one,
are w*-lower semicontinuous on & and that & contains a relative interior
point. If Q% € & is a solution to (P,), then there exists A* = (A¥, .., AX) with
A¥ =20, such that

(i) (A%, G(Q*))> =0 (15)
and

(i) 0edF(Q*)+ f A¥ 3G (Q%) + N (Q%) (16)

i=1
where
N (Q%)={feLi(X, I, )| {xo—xa+ [> <0 for all Qe ¥}.
Proof. Let

0 if Qe ¥

¢y(g)={+oo if Q¢

Then @, is clearly a convex proper set function on I” and w*-continuous
on &. Let Q*e % be an optimal solution of (P;). It follows from
Lemma 10 that there exists A* = (4¥, ..., A%) with 1* >0 such that

(A%, G(2*)) =0,

and (A%, Q*) is a saddle point of the Lagrangian L(Q, 1)=F(22)+
{2, G(2)>. Thus, by definition of &,

F(Q*) + (A%, G(Q*))) + D L(Q*) S F(Q) + (A%, G(2)) + D ,(RQ)
for all Qe I, and so

FQ*)+ (A% G(Q2*)> + D (2*)= ‘;nfr [F(2)+ (A% G(2)) + D ,(2)].



568 LAI AND LIN

Therefore

0ed <F+ Y irG+ qb},,) (Q%).

i=1
By Corollary 7, we obtain

0€QF(Q*)+ Y i¥0G,(Q2%)+ 00 ,(Q*%)

J=1

=0F(Q*)+ Y A* 0G(R2*)+ N (Q%),

j=1

where
N (2%)=00 ,(2%)
={feL(X, I, p)l {xqg—xa~ f><O0foral Qe¥}. Q.E.D.

5. Fritz JOHN TYPE CONDITION FOR VECTOR-VALUED MINIMIZATION
FOR SET FUNCTIONS

In this section, we consider the vector-valued minimization problem for
set functions in the following form
(P) Minimize: F(Q)=(F(Q), .., F(2))

Subject to: Q€% and G(Q2)<0, j=1,..,m, where F: ¥ >R,
i=1,2,.,nG: %>R, j=12,.,mand ¥cTr.

For x=(x,, .., x,) and y=(y,, .., y,) in R", we use the notations
x<y if x;<y, foreach i=1,2,.,n;
x<y if x, <y, foreach i=1,2,..,n and X#y;
X<y if x, <y, foreach i=1,2,.,n

We say that a set Q*e ¥ < I' is a Pareto optimal solution of the vector-
valued set function F: & — R” if there is no € & such that F(Q) < F(2*).

A necessary condition for the existence of an optimal solution of the
optimization problem (P) will be given in this section. It is a Fritz John
type condition (cf. Lai and Ho [10]) which we state in the following
theorem.

THEOREM 12.  In problem (P), let ¥ be a convex subfamily of I and F,,
i=1,2,.,n G, j=1,2,.,m, be proper convex set functions on I'. Let Q,
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be a Pareto optimal solution of problem (P). Suppose that for each
ie{l,2,..,} there corresponds a Q,€ & such that

G(L:) <0, k=1,2,..,m

(17)
FAQ)<F(Qy) for j=1,2,.,nj#i

and that all functions F,, ..., F,, G, .., G,,, except possibly one, are w*-con-
tinuous on & and that ¥ contains a relative interior point, then there exist
o= (ay, Ay s &t,) With o, 21, i=1,2,..,n, and A=(4,,4,, .., 4,,) in R7?
such that

(i) z ika(Qo)=O
k=1

(i) 0eY o, dF(Qo)+ Y A 3G (20)+ N,(L2).
i=1 k=1
To prove this theorem we need the following lemma in vector
minimization for set functions which is similar to Lemma 3.1 of [6] for
usual vector minimization problem (cf. also [10]).

LEMMA 13. Let & be a convex subfamily of I" and F,, ..., F, be proper
convex set functions on I' with domain &. Then the problem (P) has an
optimal solution (in Pareto sense) at Q,€ & if and only if Q, minimizes each
F; on the constraint set

C,= (Qe S F(Q)SFAR), i#], G(R)S0) (18)

where G(Q) = (G,(Q), .. G,(Q)), j=1,2, ... n.

The proof of this lemma follows from the argument used in
[6, Lemma 3.1].

Proof of Theorem 12. Let 2, be a Pareto optimal solution of (P). By
Lemma 13, Q, minimizes each F;, i=1, 2, ..., n, on the constraint set C; of
(18). Then, in view of Theorem 11, there exist

2 = (aty;y s O,y) € R and D= (Byis s Bri) €R™
with «;; =1 such that
Oe Y a;0F(20)+ Y. Bu0G,(820) + N ,(£20) (19)

j=1 k=1
and

Z ﬁkin(QO) =O, i= 1, 2, [ (X (20)

k=1
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Let i=1,2,..,n in (19) and then sum them up; we obtain

n noo 1
Oe <1+ Z ali) ﬁFl(Q0)+ +< Z ani+1)aFn(‘QO)

i=2 i=1

+ Z (Bir + -+ + Br,) 0GL(20) +nN . (2,)
k=1
=Y %, 0F(Q)+ Y L 0G(£20) + N ,(2),

j=1 k=1

where ;=0 + - 4o,y + 14+ a2,

A= Z Bri=0, k=12, .. m,

i=1

and

iﬂka(Qoh Y i BiiGi(824) =0.
1 k=1i=1

This proves the theorem. Q.E.D.

o

11

REFERENCES

. J. P. AuBiN, “Applied Functional Analysis,” Wiley, New York, 1980.

. J. H. CHou, W. S. Hsia, anp T. Y. Leg, On multiple objective programming problems
with set functions, J. Math. Anal. Appi. 105 (1985), 383-394.

. J. H. Crou, W. S. Hsia, anp T. Y. Leg, Second order optimality conditions for
mathematical programming with set functions, J. Austral. Math. Soc. Ser. B 26 (1985),
284-292.

. J. H. CHou, W. S. Hsia, anD T. Y. LEeg, Epigraphs of convex set functions, J. Math. Anal.
Appl. 118 (1986), 247-254.

. L. EKELAND AND T. TURNBULL, “Infinite Dimensional Optimization and Convexity,
Lecture Notes, The University of Chicago, 1983.

. P. KanN1appaN, Necessary conditions for optimality of nondifferentiable convex multi-
objective programming, J. Optim. Theory Appl. 40 (1983), 167-173.

. P. KANNIAPPAN AND S. M. Sastry, Duality theorems and an optimality condition for
non-differentiable convex programming, J. Austral. Math. Soc. Ser. A 32 (1982), 369-379.

. H. C. Lal, S. S. YANG, AND G. R. HWANG, Duality in mathematical programming of set
functions—On Fenchel duality theorem, J. Math. Anal. Appl. 95 (1983), 223-234.

. H. C. LA1 aAND S. S. YANG, Saddle point and duality in the optimization theory of convex
set functions, J. Astral. Math. Soc. Ser. B 24 (1982), 130-137.

. H. C. Lat anp C. P. Ho, Duality theorem of nondifferentiable convex multiobjective
programming, J. Optim. Theory Appl. 50, No. 3 (1986), 407-420.

. D. G. LUENBERGER, “Optimization by Vector Space Methods,” Wiley, New York, 1969.

”



14
15
16

MOREAU—-ROCKAFELLAR TYPE THEOREM 571

. B. MonD AND S. ZLoBec, Duality for nondifferentiable programming without a constraint
qualification, Utilitas Math. 15 (1979), 291-302.

. R. J. T. Morris, Optimal constrained selection of a measurable subset, J. Math. Anal.
Appl. 70 (1979), 546-562.

. R. T. ROCKAFELLAR, “Convex Analysis,” Princeton Univ. Press, Princeton, NJ, 1970.

. M. SCHESTER, A subgradient duality theorem, J. Math. Anal. Appl. 6 (1977), 850-855.

. J. Zowk, The saddle point theorem of Kuhn and Tucker in order vector space, J. Math.
Anal. Appl. 57 (1977), 47-55.



