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Qur main contribution is the extension of the concepts of quasiconvexity and
pseudoconvexity to n-set functions. Some properties of differentiable nonconvex
n-set functions are established. Necessary and sufficient conditions for the
existence of an optimal solution of the nonconvex program with n-set functions
are characterized by derivatives of the n-set functions involved. A duality
theorem for the nonconvex program with n-set functions is also developed in
this paper.  © 1992 Academic Press, Inc.

1. INTRODUCTION

Throughout this paper let (X, I, 1) be a finite atomless measure space
with L,(X, I, u) separable, and let F, G,, .., G,,, H,, .., H, be real-valued
n-set functions defined on a convex subfamily S of I'"=IxIx --- xI.
Then we consider an optimization problem as

Minimize: F(2,, .., 2,)

Subject to: (2, ..., 2,)e Sand
G(Q,.,92,)<0,i=12,.,m
Hi(Q,,.,2,)=0j=12,..,1

(P)

This type of problem arises in various mathematical areas. For example,
see the Neyman-Pearson lemma of statistics [20], which gives the
sufficient condition for maximizing an integral over a single set. The
necessity of this condition, and the existence of a solution were established
in [8]. These results were generalized to n sets and a duality theory was
developed in [5, 6]. However, all these results were for a special case for
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set functions involving integrals. Morris [18, 19] had first developed the
general theory for optimizing set functions. Subsequent works [2-4, 9-13,
20] on the optimization problem are only confined to functions of a single
set and the optimization problem does not have equality constraints and
the set functions are convex. Corley [7] started to develop the general
theory for n-set functions and gave the concepts of partial derivatives and
the derivative of the n-set function. In this paper, we begin to give the
concepts of pseudoconvexity and quasiconvexity of set functions, then we
establish some properties of nonconvex, differentiable #-set functions. In
Theorem 3.8, we show a sufficient condition for the existence of optimal
solutions to problem (P) with equality constraints and nonconvex n-set
functions. If the problem (P) does not have equality constraints and the
set functions we consider are convex, then Theorem 3.8 reduces to
Theorem 4.7 of [7]. A necessary condition for the existence of local
minimum and a duality theorem for (P) with nonconvex n-set functions are
also developed in this paper. Because the n-set functions are defined on a
subfamily of a semialgebra rather than on a linear space, there are a good
deal of differences between the optimization problem of nonconvex,
differentiable n-set functions on a convex subfamily of a semialgebra and
for usual functions on a linear space.

2. PRELIMINARIES

Throughout the paper, let I'" = {(Q,, .., 2,), Q;eT, i=1,2,.,n}. As a
matter of fact I'” is only a semialgebra but not a o-algebra.

We defined a pseudometric d on the semialgebra I'” in the following
way:

n 1/2
(213 s D), (A o A,)) = { T [, AA,-)P} ,

i=1

Q,, A;el, i=1,2,.,n, where 4 denotes the symmetric difference. Each
QeI can be identified with its characteristic function yoe L (X, I, u) <
L(X, I,u) and so that the o-field I" is identified as a subset
Xa={xa|Rel} of L (X, I,u). Essentially (2, .., Q,) and (4, .., 4,)
will be regarded as equivalent if d((€,,.., 2,),(4,,..,4,))=0. We
admit F(Q2,, .., Q,=F4,,..,4,) if d(Q,,..,2,),(4,,..,4,))=0. For
feL(X, T, p) and Qe T, the integral [ fdu will be denoted by (f;, xq)-
Similar to [19, Proposition 3.2 and Lemma 3.3, for any (£, 4, 4)e
I'x I'x [0, 1], there exist sequences {€2,} and {4,} in I" such that

Yoy—— Ao and x4 —— (1= Do (1)
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imply
Lowo ao@nny—— i+ (1= Do, ()

where w* stands for the w*-convergence. The sequence {V,(1)=
Q,ud,u(Qn A)} satisfying (1) and (2) is called the Morris sequence
with (£, 4, 1).

DEFINITION 2.1. A subfamily S of I'” is convex if given (£2,, .., 2,) and
(A4, ., 4,) in S and 1€[0, 1], there exists a Morris sequence {V*(1)}
in I’ associated with (Q,, 4,,A) for each i=1,2,..,n such that
(VXA), .., VE(1)) € S, for all ke N, where N is the set of natural numbers.

ExaMmpLE. For a fix (Q,,..,R2,)el’™™ and 6>0, the subfamily A=
{(Ay, s A e d((A,, ... 4,), (2, ..,82,))<8} is a convex subfamily
of I'".

Proof. Suppose (A;,..A,), (@,.,9,)ed and 1e[0,1] Then
(Ayyes A, (@), Q) ET, d((Ay, . A,), (24, 2,)) <6, d((24, ..., 2,),
(2,,...2,)) <9, and for each i=1, .., n, there exists a Morris sequence
{V¥(1)} in " associated with (9;, A;, 1) such that (VX(4), .., VE())eI™
for all ke N.

Since

Jim AV {(A), ., V(D) (2, . 2,))

12
= hm {Z ”XV"(/) Lo, ”Ll}

n 1/2
(z Vi + (1= D)z — xg,.ni,)

i

n 172
(z L4l — 2o 2, + (1~ 4) ux,:,.—xg,.nh]z)

n 172 n
l(Z |XA,—XQ,IIi,) +(1=2) Y (lxe,— 227"

1/2 n .
—1(2 [u(AiAa.-)ZJ) +<1~A)(Z [u(QiAaf)zllfz)

i=1 i=1
=Ad((Ay, s A,), (2, s QN+ (1= 2)d(R,, ..., 2,),(2,,..,2,)
<A+ (1-2)6=4.
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Hence there exists a natural number M such that
d(V5(4), ..., VEA)), (24, .., 2,)) <6 for k=M.

This shows that (V%(4), ..., V4(4))e 4 for k> M and that 4 is a convex
subfamily of I'".

DerFINITION 2.2, Let F: I'" >R and #< ™" Then (2,,.,Q,)e% is
a global minimum of F on # if F(Q,,.,Q,)<F4,,.,4,) for
all (A,,..,4,)e®B. (Q,,..,2,) is a local minimum of F on # if there
exists 6 >0 such that F(Q,, .., Q,)< F(4,,..,4,) for all (4,,..,4,)e®
satisfying d((Q2,, ..., 2,), (4, ..., 4,)) < 9.

DerNITION 2.3. A set function F: I'— R is differentiable at QeI if
there exists f e L,(X, I', u), the derivative of F at Q such that

F(A)=FQ)+ {f. 14— xa> + 1 44) E(Q, 1),

where lim g 44y 0 E(2, 4)=0.

DeriNiTION 24, Let F: I'" —» R and (2,, .., Q,)e I'". Then F is said to
have a partial derivative at (Q,, .., £2,,) with respect to 4, if the set function
H(A)=F,,...Q,_,4,82,,1,..,8,) has derivative h, at Q, In this
case we define the ith partial derivative of F at (2,,..,Q,) to be
fay..0,=ha;

.....

Now, we define the derivative of n-set functions.

DEerFINITION 2.5. Let F: S— R and (Q,, .., 2,)€ S. Then F is said to be

ey

ey

i=1

+ d((gli (3t Qn)a (Al > vy An))
X E(2,, s @,), (A, s A,)),  forall (4,,.., 4,)€S,

where

lim E[(Q,,..82,).(4,,.,4,)]=0

d((R1,...,25), (A4, .. An)) > 0

and S is a nonempty subfamily of I'".
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Remark. (1) Definitions 2.4 and 2.5 are due to Corley [7].

(2) If F. ScI'"->R is differentiable, its partial derivatives are
unique [{7].

(3) Throughout this paper, if F, G;: ScI"— R are differentiable at
(2, .., R,)€S, then f, and g% will denote the ith partial derivatives of F
and G; at (2,, .., 2,), respectively.

3. MaIN RESULTS

We can extend the concepts of quasiconvexity, strict quasiconvexity, and
pseudoconvexity to set functions.

DEerINITION 3.1. A set function F: S— R is called quasiconvex (resp.
convex) on a convex subfamily S of I'" if for each (2, .., 2,), (4, .., 4,)
in S and 1€ [0, 1], there exists a Morris sequence {¥*(1)} in I" associated
with (2,, 4, A) for each i=1, 2, ..., n such that (V%(4), ..., V%(4))e S for all
ke N and

kﬁn’n F(VEA), ... VEA)) < max{F(Q,, .., Q,), F(4,, .., 4,)}

(resp. kﬁﬁ F(V5QA), .o VEQA)SAF(A, .., 4,) + (1= 2) F(2y, ..., 2,))).
F is called quasiconcave on S if —F is quasiconvex on S.

DEFINITION 3.2. A set function F: S — R is called strongly quasiconvex
(resp. strictly quasiconvex) on a convex subfamily S of I'" if for each
Q,,..2,), (A,.,4,) in § with (2,,.,Q,)#(4,,..,4,) (resp.
F,,.,Q2,)#FA4,,..,4,)) and A€ (0, 1), there exists a Morris sequence
{V¥(A)} in I associated with (2;, 4,, A) for each i=1, 2, ..., n such that

kﬁ F(VX(4), ., VE(A)) <max{F(2,, .., Q,), F(A4,, .., 4,)}.

Remark. From Definition 3.1, it is easy to see that if F is a convex set
function, then F is a quasiconvex set function, but the converse is not true;
for example, if ge L,(X, I', u) and S is a convex subfamily of I, let G(Q) =
(logdu)’, QeS. It is easy to see from Proposition 3.1 that G is a
quasiconvex set function, but G is not a convex set function.

DEFINITION 3.3. Let S be a nonempty subfamily of 77" and let F: S —» R
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be differentiable on S. The set function F is said to be pseudoconvex on S
if for each (Q,, .., 2,) and (4, .., 4,,) in § with

Y (o = Loy =0
i=1

we have
F(A,,.,4,)2F&,,..,2,).

The following proposition shows the existence of quasiconvex and
pseudoconvex set functions.

PrOPOSITION 3.1. Let S be a convex subfamily of I'" and F(A,, ..., A,)) =
(<81, Xa,2s w» {&ns Xa,>), where u: R* - R is a differentiable function,
gir-8n€L (X, I, u) and (A, .., 4,)€S.

(a) If u is a quasiconvex function, then F is a quasiconvex set function.

(b) If u is strictly quasiconvex, then F is a strictly quasiconvex set
Sfunction.

(¢) If u is a pseudoconvex function, then F is a pseudoconvex set
Sfunction.

Proof. (a) Assume that u is a quasiconvex function. Let (2, ..., 2,),
(A4, ..,4,)eS and Ae(0,1). There exists a Morris sequence {V*(1)}
in I associated with (A, Q,,4) for each i=1,2,..,n such that
(VE(A), ., VE(1)) € S for all ke N and

Bm F(VE(R), .. VA1)

k— oo

= lim “((gi,XV‘;(z)% wy <gnsXV:(A)>)

=u({g1, Ao+ (L =A) 14,0 s {&n> A, + (1 = V)X 4,7)
=ulA(<81, X0, 7s s 8&ns X0, 2 ) + (L =AU &5 X4, D5 s {&rs Xa, )]
<max{u({g1, La,Ds > {&us X2, 0 ) WL Z1s X, D5 s s Xt 0)}
=max{F(Q,, .., 2,), F(4,, .., 4,)}.

This shows that F is a quasiconvex set function.
{b) The proof of the strictly quasiconvex case is similar to (a).

(c) Suppose u is a pseudoconvex function. Let (£2,,..2,),
(A, .., 4,) € S, then it follows from Definition 2.4 that

.f’* =ui(<gl, Xﬂl>s <g2a Xr22>, ey <gn’ XQ,,>)gi’

where u; denotes the ith partial derivative of w.
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Hence if 7_ | {f'%, x4,— xq,»> =0, we have

n

Y w81 Xy 82 XD s &w> X2y )X &1 X, — Xy 2 0.

i=1
That is,
(&1 x40 — L& Xa?

Vu({gi, xa)» <825 X2y )+ - {&n> X0, ))' : =0.
<gn’ XA,,) - <gna XQ,,>

Since u: R" — R is a pseudoconvex function, if follows that

F(Al’ ey An)zu(<g1, XA1>’ R <gn’ XA,,>)

2u({ g1, Xy s s {&ns X2y))
=FQ,, .., Q,).

This shows that F is a pseudoconvex set function. Q.ED.

PROPOSITION 3.2. Let S be a convex subfamily of I'" and F: S—>R is a
differentiable convex set function. Then F is a pseudoconvex set function.

Proof. The proof of Proposition 3.2 follows immediately from the
definition of pseudoconvex set functions and Theorem 4.5 of [7].

Remark. The converse of the above theorem is not true; for example, if
geL,(X, I, u) and S is a convex subfamily of I, the set function F: S - R
is defined by F(Q)=[,gdu+([ggdu)’ It is easy to see that F is a
pseudoconvex set function, but F is not a convex set function.

PROPOSITION 3.3 [15]. Let S be a nonempty convex subfamily of I'" and
let F: S > R be differentiable and quasiconvex on S. If for any (Q, ..., 2,),
(Ay, ., A,) €S with F(Ay, .., A,) < F(2,, .., 2,) then

Z <f’;|:7XA,_X{2,'><0'
=1

J=

PROPOSITION 3.4. Let S be a convex subfamily of I'", and F: S—R. If
Sfor each real number o, the set S, = {(R,, .., 2,)€S, F(2,,..,2,)<a}isa
convex subfamily of I'", then F is a quasiconvex set function.

Proof. Suppose that for each real number o, the set S, is a convex sub-
family of I'". Let (2, .., 2,) and (A4,, .., 4,)€ S and 1€(0, 1). Note that
(£2,,.,2,) and (4,, .., 4,)eS, for a=max{F(2,, .., 2,), F(4,, .., 4,)}.
By assumption, S, is a convex subfamily of S, and there exists a Morris

400/168/2-6
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sequence {V*(4)} in I' associated with (Q,, 4;, ) for each i=1,2,..,n
such that (V4(4), .., V(4))e S, for all ke N. Therefore

F(VE(R), ., VE(A) <o forall keN.

Hence
im F(VX(4), .., V5(A)<a=max{F(Q,, .., 2,), F(4,, .., 4,)}

k — o
and F is quasiconvex on S.

The following proposition relates a local optimal solution and a global
optimal solution.

THEOREM 3.5. Let S be a convex subfamily of I'" and let F: S — R be
strongly quasiconvex. Consider the problem to minimize F(A, ..., A,) subject
to(A,, .., 4,)eS. If (24, .., 2,) is a local optimal solution, then (L2, ..., 2,)
is the unigue global optimal solution.

Proof. Since (2, ..., 2,) is a local optimal solution, it follows that there
exists a 6 >0 such that

FQ,,.,2)<F(A4,,..,4,) for (A,,..,4,)€S

with d((Ays s A,), (24, . 2,)) <. (3)
Assume on the contrary that there exists (2,,..,£,)eS such that
B, 0 O£ (Q,, . 2,) and F(O,, .., 0,)<FQ,,.,R2,). By the con-
vexity of S and strong quasiconvexity of F, there exists a Morris sequence
{V¥(A)} in I associated with (2, Q,, 1) for each i=1,2,.,n and
A€(0, 1) such that (F%(4), .., V¥(4))e S for all ke N and

im F(V5A), ..., VL)
k— o
<max{F(Q,, .., 2,), F(Q,,..,Q,)}=F&,, .., Q,).

Since
d(VE(A), .., VE(A)), (Q4, .., 2,))

M=

Il
N A

1/2
Lu(VA(2) AQ.-)]Z}

*~
I
—_

12
e — xal il}

1/2

N

II.Ms IIVMx

-

A% e — xal i,}

~1{3 tue, AQ»]Z}W

i=1

=2d((2y, .., Q,), (24, .., 2,)).
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Hence there exists y >0 and a natural number M, such that
d(VE(2), . VEA)), (R2,,.,2,))<d  forall O<i<yandk=M,.
Thus
F(Q,, ., 2,)<FV4A),...,V54) forall O<i<yandk>=M, (4)
Since
lim F(V5(A), ., V) < F(RQ,, .., 2,),

k— o

it follows that there exists a natural number M, such that
FVEQA), ., VEA)Y < F(Q,,..,2,) for k=M,
Let M =max{M,, M,}, then
F(VEA), ., VEA) < F(R,,..,R2,) forall0<i<yandk>M. (5)
Inequality (4) is not compatible with (5). Therefore (Q,, .., Q,) is the

unique global optimal solution. Q.ED.

THEOREM 3.6. Let S be a convex subfamily of I'" and let F: S — R be
a strictly quasiconvex set function. Consider the problem to minimize
F(4,, .., A,) subject to (A, .., 4,)€S. If (2,,..,2,) is a local optimal
solution, then (2, ..., 2,) is also a global optimal solution.

Proof. Assume on the contrary that there exists (2,, .., 2,)€S such
that F(3,, .., 2,)<F(R,, .., 2,). Let A€ (0, 1), then there exists a Morris
sequence {V*%(1)} in I' associated with (2;, 2,, 1) for each i=1,2,..,n
such that (F%(1), .., V5(1))e S for all ke N and

kﬁ F(VYQ2), . VED))

<max{F(@Q,,..,A,), F(Q,,.,Q,)}=FQ,, .., 2,
Hence there exists a natural number M, such that
FVYA), ., VX)) < F(R,,..,R,) for k=M,. 6)
Since (2, .., 2,) is a local optimal solution, there exists a > 0 such that
FQ,, .., 2)

SF(Ay, ., 4,)forall (A, .., 4,)e Swith d((2,, .., 2,), (4, ., 4,)) <3.
(7
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As in the proof of Theorem 3.6, there exist y >0 and a natural number M,
such that

d(2,, .., 2,), (VE(4), .., VE(A)) <8  whenever O<i<yandk>M,.
Let M =max{M,, M,}, then
d((QD ey Qn), (V’]((l)’ ooy Vﬁ(i))) < 5

and
F(VA(A), ., VEA)) < F(Q,, ... 2,) for O<l<yandkz=M.

The above two inequalities lead to a contraction with (7). This shows that
(2, .., 2,)is the global optimal solution. Q.ED.

In [4, Corollary 3.6 Chou, Hsia, and Lee show that I'= {fe L (X, I, ),
0< f <1}, where T denotes the weak*-closure of I

DerINITION 34, Let A4 be a nonempty subfamily of I’ and let
g=(81, . gy e(AY'={h|h=(hy, .. h,), hied, i=1,.,n}, where A4
denotes the weak*-closure of 4. The cone of tangents of (4)” at g denoted
by T is the set {h|h=(h,,.,h,)eLx --- x L, and A, (xot —g,) > h,,
where 1, >0, Qe 4, and x> g,}. ’

The following theorem gives a necessary condition for the existence of an
optimal solution.

THEOREM 3.7. Let A" be a nonempty subfamily of I'" and let A denote
the weak*-closure of A in L_(X,I,u) Let (2,,..,92,)eA". Suppose
F. A—- R is differentiable at (Q,,...,Q,) and (2, .., Q,) locally solves
the problem to minimize F(A,, .., A,) subject to (A,,..,A,)eA. Then
FOm T= Qs where FO: {g: (gls el g")GLZO(X, rv ﬂ)|27=1 <f’*’ g1> <0}s
{ , > denotes the dual pair between L (X, I, u) and L(X, I, n), and T is
the cone of tangents of (A)" at (xq,, - Xa,)-

Proof. Let (g,.., g,)€T. Then there exists i, >0, Q%c 4 for each
keN and for each i=1,2,.,n such that ng—’ﬁ» Xo, and
A X —xQ,)L g:. By the differentiability of F at (2,, .., Q2,), we get

F(Q,f, ey Qﬁ) :F(Ql’ ey Qn) + Z <fi*7 XQ{-(—XQ,>
i=1

n 1/2
+ ( Z ”XQ:( - XQ,” il) E((gla seesy Qn)’ (Q’l(a ) Qﬁ))a (8)
i=1

where E((R2,, .., 2,), (2%, .. 25) >0 as d(2,, .., 2,), (2%, .., Q%)) >0.
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Since (2, .., 2,) is the local optimal solution, it follows that there exists
a 6 >0 such that

FQ,,.,Q)<FA4,.,4,) whenever d((R2,, .., 2,), (4,, .., 4,)) <0.
9)

Since for each i=1, 2, ..., n, ng—w"—r X, it follows that there exists M >0
such that

n 1/2
d(Q%, .., 25, (Q,, .., 2,)) = ( Y, 20— xgl_uil) <0 wheneverk> M.
i=1

By (8) and (9), we get

n n 172
S (for tab— o)+ ( S et~ 1ol )
i=1 i=1
x E[(2,, ., 2,), (2},.,25]1>0  whenever k>M.

Multiplying by 1, and taking the limit as k — co, we obtain
DRI

So far we have shown that ge T implies that
T (Fhad20

and Fyn T = . The proof is complete. Q.ED.

The following theoem generalizes Theorem 4.7 of [7] and gives sufficient
conditions for the existence of optimal solutions to problem (P) with
equality constraints.

THEOREM 3.8. Let S be a nonempty convex subfamily of I'", (£, ..., 2,)
a feasible solution to problem (P), and 1= {i|G,(2, .., 2,)=0}. Suppose
that F, G; for je I and H, for j=1, 2, ..., | are differentiable on S and that the
Kuhn—Tucker condition holds at (2, .., 2,); that is, there exist scalars
;20 for iel and v, for i=1, 2, ..., | such that

Z Sy XA,-_XQ,»>+Z Z uj<gii’XA,-‘X9,->
i1

jel i=1

{ n
+ 3 X o<k 24— xa) 20, (10)

Jj=1i=1
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where h% denotes the ith partial derivative of H; at (Q,..,Q,). Let
J=1{itv;>0} and K= {i:v;<0}. Further suppose that F is pseudoconvex on
S and G, is quasiconvex on S for i€ I, H, is quasiconvex on S for i€ J, and
H; is quasiconcave on S for ie K. Then (2., .., 2,) is a global optimal
solution.

Proof. Let (A,,..,4,) be a feasible solution to problem (P). Then
G4, .., 4,)<G(2,,..,Q,) for ie L In view of Proposition 3.3, we have

Y <&l ta—1ay<0 for jel (11)
=1

i

Similarly, we have

x4 —207<0  for jeJ (12)

ChS ta—xa> =0 for jek (13)

iD= TP

—

Multiplying (11), (12), and (13) respectively by »;>0, v;>0, and v;<0
and adding, we get

Z Z uj<gi{<’XA,v-X.Q,>+ Z Z vj<h‘i’XA,-‘XQ,><0'

jel i=1 jeduK i=1

It follows from (10), we have

I M =

i

<fl;|:9 XA,v"'XQ,'> =0.
1

By pseudoconvexivity of F, we have F(A,, .., 4,)2 F(Q,, .., 2,) and the
proof is complete. Q.E.D.

Remark. 1In Theorem 4.7 of [7], the problem (P) does not have the
equality constraint, and the functions F, G,, i=1, 2, .., m, are assumed to
be convex. In Theorem 3.8 if we let H;=0, i=1, 2, ..., /, and assume that F,
G;, i=1,2, .., m, are convex, then in view of Proposition 3.2, Theorem 3.8
reduces to Theorem 4.7 of [7].

DermITION 3.5, A differentiable set function F: ' —+ R is said to be
locally convex at (£2,, ..., 2,) € I'" if there exists d > 0 such that

F(Ay, ey A,) 2 F(Qy5 o )+ Y (S A= Ao
i=1

for all (A,, .., A,)& " with d((2,, .., 2,), (4, .., 4,)) <.
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Remark. 1t follows from Theorem 4.5 of [7] that if F: I"" >R is
differentiable and convex on I'", then I is locally convex.

4. DuaLITY THEOREM FOR SET FUNCTIONS

In this section let F: I'" >R and G;: I""->R, i=1, 2, .., m, be differen-
tiable set functions. We consider the following problem:

minimize F(A,, .., 4,)

(P")
subject to (A, .., 4,)€ '™, Gi(A,, .., 4,) <0

fori=1,2, .. m.
Then we formulate the dual problem of (P’) by

maximize F(Q,, .., Q,)+ Y. u,G/(Q,, ... 2,)

e Q)
subjecttou,;>0,i=1,2,..,m, (Q,, .., 2,)el",

and

Y S da—xa>+ Y Y ;8% Xa,— X3,> =0,
i=1

j=1i=1

for all (A, .., 4,)e I'", where f*,, and g7 , denote the ith partial derivative
of F and G, at (@2, .., Q,), respectively.

LemMma 4.1 [7, Corollary 3.9]. Let F, G,, ..., G,,: I'"—= R be differen-
tiable at (2,, ..., 2,). If (82,, ..., 2,) is a local minimum for (P’) and if there
exists (2,, .., Q,)e '™ for which

Gi(2,..2,)+ Y g%, xa,—1a> <0,
i=1

then there exist scalars A, ..., A,, such that

<f’;k+ Y, ljg?,;,x,t,.—xgi>>0 forall A,eli=1,2, .., n,
j=1

2,G(2,,..,2,)=0, j=1,2,.,mi,.. 4,20
Gi(2,,.,2,)<0, j=12, ., m
We say (2, .., 2,, u,, .., u,,) solves problem (Q) locally if (22, ..., 2,,

Uy, .., 4,) is a feasible solution to (Q) and there exist § >0 such that
F(Qb'"’ Qn)+2$"=] uiG[(‘le"'a ‘Qn) > F(/TI’"-’ /Tn)+zm ﬁiGi(/_ilv"-s /Tn),

i=1
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for any feasible solution (A4, ..., 4, i;, .., ii,,) to (Q) with d((2,, .., 2,),

(/Tl’ sery /Tn)) < 5
THEOREM 4.2.  Suppose that F and G;, j=1, 2, .., m, are locally convex

on I'". If (2, .., Q,) is a local minimum for problem (P') and if there exists
(2., ..., Q2,)el" for which
G2, ... )+ Y (&% xa,~12><0, j=1,2,..m,
i=1
, Q,, Uy, .., U,,) solves the

then there exists (i, ..., 4,,) =0 such that (2,
problem (Q) locally. Furthermore, the local minimum of (P’) at (2, ..., 2,)

is equal to the local maximum of (Q) at (2, .., 2, 4, ..., 4,,).
Proof. Let (Q,,..,8Q,, i,,..1,) be a feasible solution to (Q). Then

= (i, ., i,)>0 and
Z <fl**’XA,'—XQ,>+ Z Z aj<gl:jk*’ XA,—XQi>>0
i=1

j=1i=1
for all (A, .., A,)el™.

that d((A,, .. 4,), (2,, .., 3,)) <3 implies

Since F and G}, j=1, 2, .., m, are locally convex, there exists 6 >0 such
F(Al’ ’ An)ZF(Qla ey Qn)+ Z <fi**7 XAi—XQ,>
i=1

<gi£<*’ XA,_"XQ,->’ j=1,2, wey M.
1

and
GAAy, ., 4,)2 G2y, .., 2,)+ _Z

Now for d((A,, ... A,), (3, ... 2,)) <6
F(A,, .,A,,)—[F(Q,,..., 3)+Y 46,3, Q,,)]
Jj=1

? Z <fl;|<*, XA,—XQ,>— z ajGj(Ql""’
i=1 j=1
*X§,>_ Z ﬁjGj(Ql’"'a Qn)

n
j=1

2z - Z Z i { & x> X,
J=1i=1
> - Z uj[Gj(Al’ ) An)_Gj(Qh evy Qn)]_ Z ajGj(Ql’ ,Qn)
j=1 Jj=1
, 4,)20.
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Thus

FAy, . A)2F@Q,, ... 2,)+ Y [4,G,(2,,..,2,)]

Jj=1

for any feasible solution (2, .., 2,, ,, .., @1,) to problem (Q) and any
(Ay, ., A,) €™ with d((A,, .., 4,), (2, .., 2,)) <0.

As (2,,..,92,) is a local optimal solution to problem (P’), it follows
from Lemma 4.1 that there exists & = (é,, ..., #,,) = 0 such that

4,G;(2,, .., 2,)=0, j=12, .., m (14)
and

Z <fl;|:*’XA,_X.Q,->+ Z Z d,’(é’i*,Xm—Xg,-)

i=1 j=1i=1

=0 forall (A4,..,4,)el™. (15)

In other words, (2, .., 2,, 4,, .., 4,,) is a feasible solution to (Q). By (14)
and (15),

F(2,,.,2,)+ Y 4,G,/(Qy, .. Q,)

j=1

#,G,(2,, ., 3,)

1

=FQ,, .. Q,)>FQ,, .,0)+

NS E

J

holds for any feasible solution (Q,, .., 2,, #,, ..., il,,) to problem (Q) with
d(2,, .., 2,), (92,,..,9,))<d. This shows that (Q,,..,R,, i,,..i,)
solves problem (Q) locally and the locally minimum value of (P’) at
(2, .., 2,) is equal to the local maximum value of (Q) at (2, .., 2,,
Gy ey B ). Q.ED.
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