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I. Introduction

Recently, Chang and Yen (1996) introduced the
class KKM(X,Y) that includes most of the multimaps
appearing in nonlinear analysis, for example: the
Kakutani maps K(X,Y ) (Lassonde, 1990), the ap-
proachable map A(X,Y ) (Ben-El-Mechaiekh and
Deguire, 1992) and the admissible class Uk

c(X,Y )
(Park, 1994) ect.; for details see Chang (1996) and
Chang and Yen (1996). On the other hand, more
recently, Park (1997), introduced the better admissi-
ble class β(X,Y) of multimaps, which is also a large
class of multimaps. However, in general, β(X,Y) can
not be compared with KKM(X,Y).

Moreover, Lin and Yu (1999) established a
fixed point theorem for KKM type maps on an
admissible convex subset in a not-necessary locally
convex topological vector space. In this paper, we
obtain a fixed point theorem for the better admissi-
ble class of multimaps on an admissible convex sub-
set of a topological vector space. Our results also
include recent results of Chang and Yen (1996) for
the fixed point theorem of the KKM type on a local-
ly convex topological vector space.

Based on our results, we deduce fixed point
theorems for compact or condensing multimaps in
β(X,Y) and in some related classes of multimaps. At
the same time, we also derive many properties of
the better admissible type maps; therefore, general-

ized quasi-equilibrium theorems are established.
Finally, our results extend much work done by
Chang and Yen (1996), Lin and Yu (1999) and many
others.

II. Preliminaries

Let X, Y be two nonempty sets, and let 2Y

denote the power set of Y. Let T:X→2Y be a set-val-
ued map. A ⊆ X, B ⊆ Y and y ∈ Y, and we define

(1) T(A) = ∪ {T(x) : x ∈ A};
(2) T -(y) = {x∈ X : y ∈ T(x)};
(3) T -(B) = ∪ {T -(y) : y ∈ B};
(4) grT = {(x,y) : y ∈ T(y), x ∈ X}.

For topological spaces X and Y, a map T:X→2Y

is said to be closed if grT is a closed subset of
X × Y; and it is compact if T(X)-------- is a compact subset
of Y, where T(X)-------- is the closure of T(X). T is said to
be upper semicontinuous (for short u.s.c.) if the set
T -(B) is closed in X for each closed subset B of Y;
it is lower semicontinuous (for short l.s.c.) if the set
T -(B) is open in X for each open subset B of Y; and
it is continuous if it is u.s.c. and l.s.c.. If T is u.s.c.
with closed values, then T is closed. The converse
is true whenever Y is compact (see Aubin and
Cellina (1994)).

A convex space X is a nonempty convex set in
a linear space with any topology that induces the
Euclidean topology on the convex hulls of its finite
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subsets. For each finite subset A of X, the convex
hull of A is called a polytope of X. Note that every
convex subset of a topological vector space or of a
vector space with the finite topology is a convex
space. For details, see Lassonde (1983).

A nonempty subset X of a topological vector
space E is said to be admissible (in the sense of
Kiee (1960)) provided that, for every compact subset
A of X and every neighborhood V of the origin 0 of
E, there exists a continuous map h:A→X such that
x-h(x) ∈ V for all x ∈ A, and such that h(A) is con-
tained in a finite dimensional subspace L of E. Note
that every nonempty convex subset of a locally con-
vex topological vector space is admissible (see
Hukuhara (1950) and Nagumo (1951)). Other exam-
ples of admissible topological vector spaces are lP

and LP(0,1) for 0 < p < 1, the space S(0,1) of equiva-
lence classes of measurable functions on [0,1], the
Hardy space HP for 0 < p < 1, certain Orliez spaces,
the ultrabarrelled topological vector space admitting
the Schauder basis, and others. Note also that any
locally convex subset of an F-normable topological
vector space is admissible, and that every compact
convex locally convex subset of a topological vector
space is admissible. For details, see Park (1997b).

Let E be a topological vector space, and let C
be a lattice with a least element, which is denoted
by 0. A function Φ:2E→C is called a measure of
noncompactness on E provided that the following
conditions hold for any X, Y ∈ 2E:

(1) Φ(X) = 0 if and only if X---- is compact,
(2) Φ(co-----X) = Φ(X), where co----- denotes the convex

closure of X,
(3) Φ(X∪ Y) = max{Φ(X),Φ(Y)}.

If T:X→2E, X ⊆ E, then T is said to be Φ- con-
densing provided that if D ⊆ X and Φ(D) ≤ Φ(T(D)),
then D---- is compact; that is, Φ(D) = 0. Note that every
map defined on a compact set or every compact map
is Φ- condensing.

Let X and Y be two subsets of the topological
vector spaces E and F, respectively. Given two open
neighborhoods U and V of the origins in E and F,
respectively, a function s:X→Y is said to be a (U,V)-
approximative continuous selection of T:X→2Y if for
any x ∈ X, s(x) ∈ (T [(x + U)∩X] + V)∩Y. A map
T:X→2Y is said to be approachable if its restriction
T K to any compact subset K of X admits a (U,V)-
approximative continuous selection for every U and
V as above.

Let W be a class of set-valued maps. We
denote W(X,Y) = {T:X→2Y T ∈ W}, Wc(X,Y) = {TnTn-1⋅⋅⋅T1
Ti ∈ W, i = 1, 2, ⋅⋅⋅, n for some n}, that is, the set of
finite composite of maps in W.

If X and Y are two topological vector spaces,

we note that:
(1) C(X,Y) = {s:X→Y s is a single-valued continu-

ous function};
(2) K(X,Y) = {T:X→2Y T is u.s.c. with compact

convex values and Y is convex} (see Lasson-
de (1990));

(3) A(X,Y)={T:X→2Y T is u.s.c. and approachable
with compact values} (see Ben-El Mechaiekh
and Deguire (1992)).

A class U of set-valued maps which was intro-
duced by Park (1994) is one satisfying the follow-
ing criteria:

(1) U contains the class C of single-valued con-
tinuous functions;

(2) each T ∈ Uc is u.s.c. with compact values;
(3) for each polytope P, each T ∈ Uc(P,P) has a

fixed point.
We denote that Uc

k(X,Y) = {T:X→2Y for any
compact subset K of X,and that there is a F∈ Uc(K,Y)
such that F(x) ⊆ T(x) for each x∈ K}.

The following abstract class KKM(X,Y) of set-
valued maps was introduced by Chang and Yen
(1996). Assume that X is a convex subset of a linear
space, and that Y is a topological space. If S, ,T:
X→2Y are two set-valued mappings such that
T(coA) ⊆ S(A) for each finite subset A of X, where
coA denotes the convex hull of A, then we call S a
generalized KKM mapping w.r.t. T. Let T:X→2Y be
a set-valued mapping such that if S:X→2Y is a gen-
eralized KKM mapping w.r.t. T, then the family {Sx---- :
x ∈ X} has the finite intersection property (f.i.p.);
then, we say that T has the KKM property. We
denote

KKM(X,Y) = {T:X→2Y T has the KKM property}.

Let X be a convex space,and let Y be topological
space. Park (1996)  first defined the better admissi-
ble calss β(X,Y) of multimaps as follows :

β(X,Y) = {T:x→2Y for any polytope P in X and
any continuous map f:T(P)→
P, f(T  p) has a fixed point}.

Throughout this paper, all topological spaces are
assumed to be Hausdorff.

III. Main Results

Lemma 1. (Chang and Yen, 1996). Let X be a con-
vex subset of a linear space, and let Y, Z be two
topological spaces. Then:

(1) T ∈ KKM(X,Y) if and only if T  p ∈ KKM(P,Y)
for each polytope P in X;
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(2) if T ∈ KKM(X,Y) and f ∈ C(Y,Z), then fT ∈ KKM
(X,Z);

(3) if Y is a normal space, X is a convex space,
and P is a polytope in X, and if T:P→2Y is a
set-valued mapping such that for each
f∈ C(Y,P), fT has a fixed point in P, then
T∈ KKM(P,Y);

(4) if X is a convex space, then Uc
k(X,Y) ⊆ KKM

(X,Y).

Lemma 2. (Chang and Yen, 1996). Let X be a con-
vex subset of a locally convex space E, and let
T ∈ KKM(X,X). If T is compact and closed, then T
has a fixed point in X.

The following lemma states the relation bet-
ween KKM(X,Y) and β(X,Y).

Lemma 3. (Park, 1997a). If X is a convex space
and Y is a topological space, then:

(1) Uc
k(X,Y) ⊆ (X,Y);

(2) if T ∈ KKM(X,Y) is closed, then T ∈ β(X,Y);
(3) β(X,Y) ⊆ KKM(X,Y), if Y is normal;
(4) if T ∈ β(X,Y) is compact, then T ∈ KKM(X,Y).

Remark 1. From the above lemma, the subclasses
KKM(X,Y) and β(X,Y) coincide in the class of closed
compact maps. However, they may not be compara-
ble in general (Park, 1997a).

We list below some properties of the better
admissible class of multimaps.

Theorem 1. Let X be a convex space, and let Y, Z
be two topological space. Then:

(1) T ∈ β(X,Y) if and only if T p ∈ β(P,Y) for
each polytope P in X;

(2) if T ∈ β(X,Y) and f ∈ C(Y,Z), then fT ∈ β(X,Z);
(3) if A is a convex subset of X and T ∈ β(X,Y),

then T A ∈ β(A,Y)

Proof.
(1) By the definition of β(X,Y), the proof is obvious.
(2) For each polytope P in X and g ∈ C(fT(P),P),

it is clear that gf T(P) ∈ C(T(P),P). It follows
that gf (T p) has a fixed point; hence, g(fT p)
has a fixed point. Thus, fT ∈ β(X,Z).

(3) Let P be any polytope in A. Since T ∈ β(X,Y),
it follows from (1) that T p ∈ β(P,Y). How-
ever, (T A) P = T p∈ β(P,Y). Again, by apply-
ing (1), T p ∈ β(A,Y). 

By the result of Lin and Yu (1999), we can
establish some fixed point theorems for the better

admissible class of multimaps on an admissible con-
vex subset of a topological vector space.

Lemma 4. (Lin and Yu, 1999). Let E be a topolog-
ical vector space, let X be an admissible convex sub-
set of E, and let F ∈ KKM(X,X) be compact and
closed; then F has a fixed point x---∈ X.

Theorem 2. (Park, 1997b). Let X be an admissible
convex subset of a topological vector space E, and
let T ∈ β(X,X). If T is compact and closed, then T
has a fixed point in X.

Applying Lemmas 3 and 4, we give a simple
proof of Theorem 2.

Proof. By Lemma 3, T ∈ KKM(X,X) is compact and
closed. Then, by Lemma 4, T has a fixed point. 

Corollary 1. (Park, 1997a). Let X be a nonempty
convex subset of a locally convex topological vector
space E. Then, any closed compact map F ∈ β(X,X)
has a fixed point.

Proof. Since X is a convex subset of a locally con-
vex topological vector space, it follows that X is
admissible. Then, Corollary 1 follows from Theorem
2.

Lemma 5. (Mehta et al., 1994). Let D be a non-
empty closed convex subset of a topological vector
space E, and let T:D→2D be a Φ-condensing map.
Then, there exists a nonempty compact convex sub-
set K of D such that T(K) ⊆ K.

Theorem 3. Let X be an admissible closed convex
locally convex subset of a topological vector space
E. If T∈ β(X,X) is a closed Φ-condensing map, then
T has a fixed point in X.

Proof. By lemma 5, there exists a nonempty com-
pact convex subset K of X such that T(K) ⊆ K. It
follows from Theorem 1 that T K ∈ β(K,K). Since K
is a compact convex locally convex subset of a
topological vector space, K is admissible. Since T is
closed, it follows from Theorem 2 that T K has a
fixed point. This completes our proof. 

Corollary 2. (Lin and Yu, 1999). Let X be a com-
pact convex locally convex subset of a topological
vector space E. Then, any closed Φ-condensing map
T ∈ KKM(X,X) has a fixed point.

Proof. It follows Lemma 3 that T ∈ (X,X) is a closed
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Φ-condensing map. Then, Corollary 2 follows imme-
diately from Theorem 3. 

Remark 2. If X is a nonempty closed convex subset
of a locally convex topological vector space, then
Theorem 3 reduces to Theorem 7 (Park, 1997a).

We can use a result of Ben-El-Mechaiekh and
Deguire (1992) to get some fixed point theorems.

Lemma 6. (Ben-El-Mechaiekh and Deguire, 1992).
Let X be a compact subset of a topological vector
space E, let Y be a subset of a topological vector
space F, and let Γ be a closed subset of X × Y.
Then, the following statments are equivalent:

(1) grf∩Γ ≠ φ for each f ∈ C(X,Y); 
(2) grA∩Γ ≠ φ for each A ∈ Ac(X,Y).

Theorem 4. Let X be an admissible convex subset
of a topological vector space E. Let Y be a compact
subset of a topological vector space F, and let
T ∈ β(X,Y ) be closed. Then for any G ∈ Ac(Y,X), TG
has a fixed point in Y, and GT has a fixed point in
X.

Proof. Since T ∈ β(X,Y ), then for any f ∈ C(Y,X), we
have fT ∈ β(X,X). Since T is compact and closed, so
is f T. Hence, applying Theorem 2, f T has a fixed
point; that is, grf ∩grT -1 ≠ φ. It follows from Lemma
6 that for each G ∈ Ac(Y,X), grT

-1∩grG ≠ φ. Therefore,
TG has a fixed point in Y, and GT has a fixed point
in X.

Corollary 3. (Lin and Yu, 1999). In Theorem 4, if
T ∈ β(X,Y ) is replaced by T ∈ KKM(X,Y ), then we
have the same conclusion.

Proof. If T ∈ KKM(X,Y ) is closed, then it follows
from Lemma 3 that T ∈ β(X,Y ). The conclusion fol-
lows from Theorem 4.

Theorem 5. Let X be an admissible convex subset
of a topological vector space E, let Y be a compact
subset of a topological vector space F, let Z be a
subset of a topological vector space L and let
T ∈ β(X,Y ) be closed. Then, for any G ∈ Ac(Y,Z),
GT ∈ β(X,Z).

Proof. For each polytope P in X and f ∈ C(Z,P), we
have fG ∈ Ac(Y,P). Since T ∈ β(X,Y ) is closed, it fol-
lows from Theorem 1 that T p ∈ β(P,Y) is closed.
Therefore, all the assumptions in Theorem 4 are sat-
isfied. Then, fGT p has a fixed point, and this com-
pletes our proof.

Lemma 7. (Aubin and Cellina, 1994). Let X and Y
be two topological spaces, and let F:X→2Y be u.s.c.
with compact values from a compact space X to Y.
Then, F(X) is compact.

Corollary 4. (Lin and Yu, 1999). Let X be an
admissible convex subset of a topological vector
space E, let Y be a compact subset of a topological
vector space F, let Z be a subset of a topological
vector space L and let T ∈ KKM(X,Y ) be closed.
Then, for any G ∈ Ac(Y,Z), T ∈ KKM(X,Z ).

Proof. Clearly, that T∈ KKM(X,Y ) is closed implies
T ∈ β(X,Y ); then, by Theorem 5, GT ∈ β(X,Z). Further-
more, for each G ∈ Ac(Y,Z), G is u.s.c. with compact
values. Note that GT(X) ⊆ G(TX------); hence, by the com-
pactness of T and Lemma 7, we have that GT is
compact. Therefore, by Lemma 3, GT ∈ KKM(X,Z).

Similar to the argument in Theorem 5, we have
the following theorem.

Theorem 6. Let X be a convex space, let Y be an
admissible convex subset of topological vector space
E, let Z a topological space, and let G ∈ Ac(X,Y). if
T ∈ β(Y,Z) is closed, then TG ∈ β(X,Z).

Next, we can obtain a quasi-equilibrium theo-
rem. Theorem 2 has an equivalent formulation as a
quasi-equilibrium theorem as follows:

Theorem 7. Let X be an admissible convex subset
of a topological vector space E. let f :X × X→R be a
u.s.c. function, and let S:X→2X be a compact closed
map. Suppose that

(1) for each x ∈ X, the function M defined on X
by

M(x) = Maxy∈ S(x) f (x,y)

is l.s.c., and that
(2) for each x ∈ X, A ∈ β(X,X), where

A(x) = {y ∈ S(x):f (x,y) = M(x)}.

Then, there exists an x̄ ∈ X such that

Proof. We first want to show that grA is closed in
X × X. Let (xα,yα)∈ grA and (xα,yα)→(x0,y0). Then,
f (x0,y0)≥lim

-------
α f(xα,yα)=lim

-------
α M (xα)≥limα M (xα)≥M (x0).

Since grS is closed in X × X, yα ∈ S(xα) implies that
y0 ∈ S(x0). Clearly, M(x0)≥f (x0,y0). Hence, (x0,y0) ∈ grA.

x S x f x x M x∈ =( ) ( , ) ( ).  and  

L.J. Lin and J.M. Luo

–4–



Moreover, by the compactness of S, A is also com-
pact. Therefore, it follows from Theorem 2 that A
has a fixed point; that is, there exists x̄∈ X such that
x̄ ∈ S(x̄) and f (x̄,x̄) = M(x̄).

Remark 3.
(1) If f (x,y) = 0 for all x,y ∈ X, then Theorem 7

reduced to Theorem 2.
(2) If A(x) is convex for each x ∈ X instead of

A ∈ β(X,X), then by the compactness and
closedness of A, we have that A is u.s.c. with
compact convex values. Therefore, A ∈ K(X,X)
⊆ Uc

k(X,X) ∈ β(X,X), and this theorem is also
true.

(3) If f and S are continuous, then condition (i)
holds (Theorem 4, p. 51, Aubin and Cellina,
1994).

Corollary 5. (Lin and Yu, 1999). Let X be an
admissible convex subset of a topological vector
space E. let f :X × X→R be a u.s.c. function, and let
S:X→2X be a compact closed map. Suppose that

(1) for each x ∈ X, the function M defined on X
by

M(x) = Maxy∈ S(x) f (x,y)

is l.s.c. ; and suppose that
(2) for each x ∈ X, A ∈ KKM(X,X), where

A(x) = {y ∈ S(x):f (x,y) = M(x)}.

Then, there exists an x-- ∈ X such that

Proof. Following the argument used in Theorem 7, A
is closed. Hence, it follows from Lemma 3 that
A ∈ β(X,X); then, by Theorem 7, we complete our
proof.

Theorem 3 also can be reformulated in the
form of a quasi-equilibrium theorem as follows:

Theorem 8. Let X be a closed convex locally convex
subset of a topological vector space E. Let Φ be a
measure of noncompactness on E, let f:X × X→R be a
u.s.c. function and let S:X→2X be a Φ-condensing
closed map with compact values. Suppose that

(1) for each x ∈ X, the function M defined on X by

M(x)=Maxy∈ S(x) f (x,y)

is l.s.c. ; and suppose that

(2) for each x ∈ X, A ∈ β(X,X), where

A(x) = {y ∈ S(x):f (x,y) = M(x)}.

Then, there exists an x̄ ∈ X such that

Proof. As in the proof Theorem 7, A is closed.
Now, we want to show that A is a Φ-condensing
map. Suppose that D ⊆ X and Φ(D) ≤ Φ(A(D)). Then
Φ(D) ≤ Φ(A(D)) ≤ Φ(S(D)). Since S is Φ-condensing,
we have Φ(D) = 0; hence, A is Φ-condensing.
Therefore, it follows from Theorem 3 that A has a
fixed point. This completes our proof.

Remark 4.
(1) If f (x,y) = 0 for all x,y ∈ X, then Theorem 8

reduces to Theorem 3.
(2) If f and S are continuous, then condition (i)

holds (Theorem 4, p. 51, Aubin and Cellina,
1994).

(3) If A ∈ KKM(X,X), then by the closedness of
A, this theorem also holds.

From the above theorems, we can deduce two
generalized quasi-equilibrium theorems as follows:

Theorem 9. Let X be an admissible convex subset
of a topological vector space E. Let T:X→2X admit
continuous selection, let f:X × X × X→R by a u.s.c. func-
tion, and let S:X→2X be a compact closed map. Suppose
that

(1) for each x ∈ X and u ∈ T(x), the function M
defined on X by

M(x) = Maxy∈ S(x) f (x,u,y)

is l.s.c.; and suppose that
(2) for each x ∈ X and u ∈ T(x), A ∈ β(X,X), where

A(x) = {y ∈ S(x):f (x,u,y) = M(x)}.

Then, there exists an x̄, ȳ ∈ X such that

Proof. Since T admits continuous selection, there
exists a continuous function h:X→X such that
h(x) ∈ T(x) for each x ∈ X. We define υ :X × X→R by
υ (x,y) = f (x,h(x),y) for all x,y ∈ X. Hence, by the
assumption, we have that M(x) = Maxy∈ S(x)υ (x,y) is
l.s.c. and that A(x) = {y ∈ S(x):υ(x,y) = M(x)} ∈ β(X,X).
Therefore, by Theorem 7, there exists an x̄ ∈ X such

x S x y T x f x y x M x∈ ∈ =( ), ( ) ( , , ) ( ).   and  

x S x f x x M x∈ =( ) ( , ) ( ).  and  

x S x f x x M x∈ =( ) ( , ) ( ).  and  
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that x̄ ∈ S(x̄) and υ (x̄,x̄) = M(x̄). We may let ȳ = h(x̄)
∈ T(x̄), and this completes our proof.

Theorem 10. Let X be a closed convex locally con-
vex subset of a topological vector space E. Let Φ
be a measure of noncompactness on E, let T:X→2X

admit a continuous selection h, let f :X × X × X→R be
a u.s.c. function and let S:X→2X be a Φ-condensing
closed map with compact values. Suppose that

(1) for each x ∈ X, the function M defined on X
by

M(x) = Maxy∈ S(x) f (x,h(x),y)

is l.s.c.; and suppose that
(2) for each x ∈ X, A ∈ β(X,X), where

A(x) = {y ∈ S(x):f (x,h(x),y) = M(x)}.

Then, there exists an x̄, ȳ ∈ X such that

Proof. Applying Theorem 8 and following the argu-
ment in Theorem 9, we complete the proof of
Theorem 10.
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