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Abstract

The present paper is in two-fold. The first fold is devoted to the existence theory of equilibria for generalized abstract economy with
alower semicontinuous constraint correspondence and a fuzzy constraint correspondence defined on a noncompact/nonparacompact
strategy set. In the second fold, we consider systems of generalized vector quasi-equilibrium problems for multivalued maps (for short,
SGVQEPs) which contain systems of vector quasi-equilibrium problems, systems of generalized mixed vector quasi-variational
inequalities and Debreu-type equilibrium problems for vector valued functions as special cases. By using the results of first fold,
we establish some existence results for solutions of SGVQEPs.
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1. Introduction

The notion of an abstract economy (social system) was introduced by Debreu [10]. He proved the existence of an
equilibrium point for abstract economy. For the finite number of agents, Shafer and Sonnenschein [19] and Borglin
and Keiding [8] extended Debreu’s result to abstract economy without order preferences. During the last two decades,
many authors studied the existence of equilibrium of an abstract economy with infinite number of agents but under
the compactness/paracompactness of strategy set; See for example [24,26] and references therein. In 1990, Tian [23]
proved an equilibrium existence theorem for noncompact abstract economy with a countable number of agents. In the
recent past, many authors studied the existence of equilibria for abstract economy with infinite number of agents; See
for example [11-13,28] and references therein for paracompact/compact strategy set; for noncompact/nonparacompact
strategy set we refer to [6,12,13,17] and references therein. Recently, Kim and Tan [15] and Lin et al. [18] considered
abstract economy with a fuzzy constraint correspondence, known as generalized abstract economy. They established
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some existence results for an equilibrium point of generalized abstract economy under the assumption of open lower
section of correspondences involved. This notion of generalized abstract economy generalizes the concept of abstract
economies considered in the references given in this paper and references therein.

System of vector (quasi-) equilibrium problems (for short, SV(Q-)EP) is a unified model of several problems, for
instance, system of vector (quasi-) variational inequalities (for short, SV(Q-)VI), system of vector (quasi-) optimization
problems and Debreu-type equilibrium problem, also known as noncooperative game, for vector valued functions (for
short, Debreu VEP). Recently, Ansari et al. [1] used SVQEP as a tool to study the existence of a solution of (Debreu
VEP)(I) (See Section 3.1). They also used SVQVI to prove the existence of a solution of Debreu VEP for nonconvex but
differentiable (in some sense) vector valued functions. In [2], system of generalized vector quasi-variational inequalities
is used to establish the existence of solution of (Debreu VEP)(I) (See Section 3.1) for nondifferentiable and nonconvex
vector valued functions.

The present paper is divided into two folds. The first fold deals with the study of existence of equilibria for general-
ized abstract economy with a lower semicontinuous constraint correspondence and a fuzzy constraint correspondence
defined on noncompact/nonparacompact strategy set. In the second fold, we consider systems of generalized vec-
tor quasi-equilibrium problems for multivalued trifunction (for short, SGVQEPs) which contain systems of vector
quasi-equilibrium problems for trifunctions, systems of mixed vector quasi-variational inequalities and Debreu-type
equilibrium problems for vector valued functions as special cases. As applications of results of first fold, we establish
some existence results for solutions of SGVQEPs.

2. Generalized abstract economy

For a subset 2 of a vector space, we denote by cof2 the convex hull of Q. If Q and A are subsets of a topological
space 4 such that Q C A, then the closure (respectively, interior) of € in 4 is denoted by cl 42 (respectively, int 4£2);
In case 4 = Z, we write clQ and int Q2 instead of clz (2 and inty 2, respectively. Let Z and % be topological vector
spacesand @, ¥V : & — 27 be correspondences. Then co®, ?NVY : & — 27 are defined as (co®)(x) = cod(x) and
(PNYP)(x)=P(x)NY¥(x) forall x € Z,respectively. For a nonempty subset V of %, O N (V)={x e W : D(X)NV £ B}
and also x € @~ !(y) if and only if y € ®(x). @ is said to have an open lower section if for each y € %, d~!(y) is
open in 2. We also define @, cl® :  — 2“ by

D(x)={y € ¥ : (x,y) € clyywy Gr(®)},
where Gr(®) ={(x,y) € & x % : y € ®(x)} denotes the graph of @, and
cld(x) =cly(P(x)) for all x € Z, respectively.

It is easy to see that cl®(x) C @(x) forall x € 4.

In a real market, any preference of a real agent could be unstable because of the fuzziness of consumers’ behavior or
market situations. Thus, Kim and Tan [15] introduced the fuzzy constraint correspondences in defining the following
generalized abstract economy.

Let / be any set of agents (countable or uncountable). For each i € I, let X; be a nonempty set of actions available
to the agent i in a topological vector space E; and X = [[,.;Xi. A generalized abstract economy (or generalized
game) I = (X;, A;, F;, P;);c; [15] is defined as a family of ordered quadruples (X;, A;, F;, P;) where A; : X — 2%i
is a constraint correspondence such that A;(x) is the state attainable for the agenti at x, F; : X — 2%i ig a fuzzy
constraint correspondence such that F;(x) is the unstable state for the agenti,and P; : X x X — 2%i iga preference
correspondence such that P;(x, y) is the state preference by the agent i at (x, y). An equilibrium for I is a point
(X,9) € X x X such that foreachi € I, X; € A;(%), §; € F;(X) and P;(%, $) N A; () = 4.

This problem is further considered and studied in [18] with or without involving @-condensing correspondences.

If for each i € I and for all x € X, F;(x) = X; and the preference correspondence P; is independent of y, that
is, Pj(x,y) = P;(x) for all x, y € X, our definitions of a generalized abstract economy and an equilibrium coincide
with the usual definitions of an abstract economy and an equilibrium due to Shafer and Sonnenschein [19]; See also
[11,21,27] and references therein.
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Furthermore, if A;(X) = clA; (%), our definition of an equilibrium point coincides with the standard definition in
[8,22,25,26].

2.1. Preliminaries

In this section, we collect together some known definitions and results which will be needed in the sequel. Throughout
the paper, unless otherwise specified, we assume that / is any (countable or uncountable) index set.

Lemma 2.1.1 (Tan and Yuan [20]). Let & be a topological space, D a nonempty subset of a topological vector space
E, # a base for neighborhoods of zero in E and B : & — 2P a multivalued map with nonempty values. For each
V € B, let By : ¥ — 2P be defined by By (x) = (B(x) + V)N D forallx € Z.If% € ¥ and $ € D are such that
Y €\yeg Bv(X), then y € B(X).

The following results are the main tools to study the existence of equilibria of generalized abstract economy.

Theorem 2.1.1 (Kim and Yuan [16]). For eachi € I, let X; be a nonempty convex subset of a Hausdorff topological
vector space E;. For eachi € I,let S; : X = Hiel X; — 2% be a multivalued map such that

@) forall x = (x;);jc; € X, x; ¢ coS;(x);
(ii) forall y; € X;, Sl._l(y,-) is open in X; and
(iii) there exist a nonempty compact subset K of X and a nonempty compact convex subset D; of X; for eachi € I
with the property that for each x € X\K there exists j € I suchthat Sj(x) N D; # (.

Then there exists X € K such that S;(x) = ) for eachi € I.

Definition 2.1.1 (Border [7]). Let E be a topological vector space and X be a subset of E such that X = U;il Gy,
where {G,}7° | is an increasing (in the sense that G, € G, 1) sequence of nonempty compact sets. A sequence {y, }>> |
in X is said to be escaping from X (relative to {G,};° ) if for each n € N, there exists M > 0 such that y; ¢ G, for all
k=M.

Theorem 2.1.2 (Yuan et al. [27]). For each i € I, let X; be a subset of a topological vector space (not necessarily
Hausdorff) E; such that X; = U?OZIG,-, j» where {G;, j}ioz | is an increasing sequence of nonempty compact convex
subsets of E;. For eachi € I,let S; : X = HieIXi — 2% be a multivalued map such that

(1) forall x = (x;)jc; € X, x; ¢ coS;(x);
(i) forall y; € X;, Sf] (yi) is open in X;
(iii)) {x € X : S;(x) # @} =intyx{x € X : S;(x) # 0}; and
(iv) for any sequence {y,},> in X with y, € G, for eachn € N, which is escaping from X relative to {G,};> | where
G,=1Iic;G;, foreachn € N, there existm € N and x,,, € G, such that w; (x,,) € coS;(y) foreachi € I(yn),
where I (x) ={i € I : S;(x) # @} and ©; (x,,) is the projection of x,, onto X;.

Then there exists x € X such that S;(X) = for eachi € I.

2.2. Existence of equilibria for generalized abstract econonty

In this section, we establish some existence results for equilibria of generalized abstract economy and abstract
economy with lower semicontinuous correspondences.

Theorem 2.2.1. Let I = (X;, A;, F;, P;);c; be a generalized abstract economy and X = HieIXi' For eachi € I,
assume that the following conditions are satisfied.

(1) X; is a nonempty convex subset of a locally convex Hausdorff topological vector space Ej;
(i) A; : X — 2% and F; : X — 2% are lower semicontinuous multivalued maps with nonempty convex values;
(iii) P : X x X — 2%i has an open graph and x; ¢ coP;(x, y) for all (x, y) € X x X;
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(iv) There exist nonempty compact subsets K and M of X and nonempty compact convex subsets D; and D; of
Xi for each i € I with the property that for each (x,y) € X x X\K x M, there exists j € I such that
(Ajx)NPj(x,y)ND; #Pand Fi(x) N D; # .

Then there exists an equilibrium point (X, ) = ((X;);ier» Gi)icr) € K x M of generalized abstract economy.

Proof. Foreach i € I, let %; be the collection of all open convex neighborhoods of zero in E; and # = [];.;%,. For
any given V € #,let V = ]_[ie,Vl-, where V; € #; foreach i € I. For any fixed i € I, define Ay, Fy, : X — 2Xi
by Ay, (x) = (A;(x) + V;) N X; and Fy,(x) = (F;(x) + V;) N X; for all x € X. Since A; and F; are convex valued
and lower semicontinuous, from [9, Lemma 4.1], we obtain that Ay, and Fy, are convex valued and have open graph
in X x X;. By [26, Corollary 4.1], Ay, and Fy, have open lower sections. Foreachi € I,let Wy, ={(x,y) € X x X :
(xi, yi) € Ay.(x) x Fy,(x)}, then each Wy, is closed in X x X. Define a multivalued map Qv : X x X — 2Xi*Xi py

(Ay,(x) NcoPi(x,y)) x Fy,(x) if (x,y) € Wy,
Ay, (x) x Fy,(x) if (x,y) ¢ Wy,.

For eachi € I and for all (x,y) € X x X, itis easy to see that Qy, (x, y) is convex and (x;, y;) ¢ Qv; (x, y). Since
each P; has an open graph, again by Corollary 4.1 and Lemma 5.1 both in [26], we have co P; has open lower section.
We note that for each i € I and for each (x;, y/) € X; x X;, the set

QV,-(x,y)={

0y (. y) =1{(x,y) € X x X : (x], y)) € Qv; (x, )}
={(x,y) € Wy, : (x}, ¥)) € (Ay;(x) N coPi(x, ) x Fy,(x)}
U{(x,y) € X x X\Wy, : (x], ) € Ay, (x) x Fy,(x)}
={(x,y) e X xX: (xl{, yl-') € (Ay,(x) NcoP;(x,y)) x Fy,(x)}
U{(x,y) € X x X\Wy, : (x/, y)) € Ay, (x) x Fy,(x)}
=[(A}' (x)) x X) N (coP) ™ (x)) N (Fy ' (3)) x X)]
ULX x X\Wy,) N (A‘_,il(x{) x X)N (F\Z.l(y;) x X)]

isopenin X x X. By (iv), for each (x, y) € X x X\K x M there exists j € [ such that Qv (x, y)ﬂ([)j x D;) # (. By
Theorem 2.1.1, there exists a point (xy, yy) € K x M such that Qv, (xy, yy) =@ foreachi € I, where xy = (xv,);¢;
and yy = (yv;);es- Since for each i € I and for all x € X, A;(x) and F;(x) are nonempty, we must have (xy;, yv,) €
Ay, (xv) x Fy,(xy) and A; (xy) N Pi(xy, yy) = 0.

Since for each i € I, A; : X — 2%i is lower semicontinuous and P; : X x X — 2%i has open graph, we have that
A; NP : X x X = 2% is lower semicontinuous [7, pp- 59-61]. Then it is easy to see that the set # = {(x, y) €
X x X :A;j(x)N Pi(x,y) # 0} is open.

Indeed, let (x,y) € J#, then A;(x) N P;(x,y) # . For each fixed i € I, let O be any open set such that
O NA;(x)N Pi(x,y) # @. Since A; N P; is lower semicontinuous, there exist neighborhoods U (x) of x and W (y)
of y such that O N A;(u) N P;(u,v) # @ for all (u,v) € U(x) x W(y). Therefore, A; (u) N P;(u,v) # & for all
(u,v) € U(x) x W(y). Hence (u,v) € A and thus U(x) x W(y) € . This shows that 2 is open and the set
{(x,y) e X x X : Aj(x) N P;(x, y) =} is closed.

LetQy ={(x,y) e K xM :x; € A_Vi(x), Vi € F_Vl.(y) and A;(x) N P;(x, y) =@}. Then Qv is a nonempty closed
subset of K x M.

Following the same argument as in [16, Proof of Theorem 4.3] and applying Lemma 2.1.1, we get the
conclusion. [

Remark 2.2.1. Conditions (ii) and (iii) of Theorem 2.2.1 can be replaced, respectively, by the following conditions.
Foreachi € I,

(i)’ A; : X — 2% is a multivalued map with nonempty convex values and has open lower section, and F; : X — 2%i
is a lower semicontinuous multivalued map with nonempty convex values.
(iii)’ Pj: X x X — 2%i has open lower section and x; ¢ coP;(x, y) forall (x, y) € X x X.
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If foreachi € I and for all x € X, F;(x) = X; and P;(x, y) is independent of the variable y, then from Theorem
2.2.1, we obtain the following existence result for equilibria of abstract economy.

Corollary 2.2.1. Let I' = (X;, A;, P;);c; be an abstract economy and X = [],.;X;. For each i € I, assume that the
following conditions are satisfied:

(1) X; is a nonempty convex subset of a locally convex Hausdorff topological vector space Ej;
(i) A; : X — 2% is a lower semicontinuous multivalued map with nonempty convex values;
(iii) P;: X — 2% has an open graph and x; ¢ coP;(x) for all x € X;
(iv) There exist a nonempty compact subset K of X and a nonempty compact convex subset D; of X; for eachi € I
with the property that for each x € X\K, there exists j € I such that (A; N P;)(x) N D; # .

Then there exists an equilibrium point X = (%;);c; € K of abstract economy, that is, for each i € I, %; € A;(X) and
A (X) N Pi(x)=0.

Remark 2.2.2. Conditions (ii) and (iii) of Corollary 2.2.1 can be replaced, respectively, by the following conditions.
Foreachi € I,

(i) A; : X — 2% is a multivalued map with nonempty convex values and has open lower section.
(iii)’ P; : X — 2%i has open lower section such that x; ¢ coP; (x) forall x € X and the set {x € X : A;(x)NP;(x) # ¥}
is open.

Remark 2.2.3. (1) If for each i € I, clA; is an upper semicontinuous multivalued map, then Corollary 2.2.1 with
Remark 2.2.2 generalizes [23, Theorem 2, 24, Theorem 2.5] and [26, Theorem 6.1].
(2) Corollary 2.2.1 improves Corollaries 4.5 and 4.4 of Kim and Yuan [16] in the following ways:

(a) The set X is neither perfectly normal nor paracompact;
(b) The mapping A; N P; is L-majorized is replaced by conditions (ii) and (iii).

If foreachi € I, E; is not necessarily Hausdorff, we have the following existence result for equilibria of generalized
abstract economy.

Theorem 2.2.2. For each i € I, let X; be a nonempty subset of a locally convex topological vector space E; and
X:]_[ielX,'.Let I'=(X;, A;, Fi, Pi);c; bea generalized abstract economy such that foreachi € I, X; x XiZU;?LGi,j
where {G;, j}?ozl is an increasing sequence of nonempty compact convex subset of a locally convex topological vector
space E; x E;. For eachi € I, assume that the following conditions are satisfied:

() Aj: X = 2%Xi and F; : X — 2%i are lower semicontinuous multivalued maps with nonempty convex values;
(i) P;: X x X — 2%i has an open graph and x; ¢ coP;(x, y) for each (x,y) € X x X; and
(iii) For each sequence {(x,, yn)}f;o=1 in X x X with (x,, yp) € G, = l_[ielGiJl for each n € N, which is escaping
from X x X relative to {G,}72 , there existm € N and (Xp,, y) € G such that mj (X,,) € A; () N Pi (X, yim)

and 7t; (i) € Fi(xy) for each i € I, where m;(x) is the projection of x € X onto X;.

Then there exists an equilibrium point (X, y) = ((Xi);cy, Vi)ier) € X x X of generalized abstract economy.

Proof. Foreachi € I, let %; be the collection of all open convex neighborhoods of zero in E; and # = [[;.;%,. For
any given V € 4, let V = ]_[l-GIVi, where V; € %4, for each i € [. For any fixed i € I, define Ay,, Fy,, Wy,, and Qy,
as in Proof of Theorem 2.2.1. Following the same argument as in Proof of Theorem 2.2.1, we have that for each i € /
and for all (x, y) € X x X, Qy,(x, y) is convex and (x;, y;) ¢ Oy, (x, y), and the set Q(,l_l(xl.’, y;) is openin X x X for
all (x], y)) € X; x X;. Since

{9 € X x X : Qv (x,y) # 0= J0,' (], y) € X x X (x], ¥ € Qv (x, )}
isopenin X x X, we get

{(x, Y) € QV,'(xﬂ )’) # @} ZthX{(xa y) € QVi(xv }’) # Q}
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Thus, condition (iii) of Theorem 2.1.2 is satisfied. Therefore by Theorem 2.1.2, there exists a point (xy, yy) € X x X
such that Qv, (xy, yy) =¥ for each i € I, where xy = (xv,);¢; and yy = (yv;);¢;. Since for each i € I and each
x € X, A;(x) and F;(x) are nonempty, we must have (xv,, yy,) € A_V[(xv) X F_V[(xv) and A; (xy) N Pi(xy, yy) = 9.

As in Proof of Theorem 2.2.1, the set {(x, y) € X x X : A;(x) N P;(x, y) # @} is open and the set Qy = {(x, y) €
XxX:x; € A_Vl.(x), Vi € F_Vl.(y) and A;(x) N P;(x, y) =@} is nonempty and closed. Following the same argument
as in [27, Proof of Theorem 4.3] and applying Lemma 2.1.1, we get the conclusion. [J

If foreachi € I and for all x € X, F;(x) = X; and P;(x, y) is independent of the variable y, then from Theorem
2.2.2, we obtain the following existence result for equilibria of abstract economy.

Corollary 2.2.2 (Yuan et al. [27]). Let I = (X;, Ai, P;);c; be an abstract economy such that for each i € I, X; =
1 G; iwhere (G, ;}°, is anincreasing sequence of nonempty compact convex subset of a locally convex topological
j=1>1J »JIj=1

vector space E;. For each i € I, assume that the following conditions are satisfied:

() A; : X — 2%i is a lower semicontinuous multivalued map with nonempty convex values;
(i) P; : X — 2% has an open graph and x; ¢ coP; (x) for each x € X;
(iii) For each sequence {xn}fl>o | in Xwithx, € G, = Ilj¢;G; p for each n € N, which is escaping from X relative to
{Gn}2,, there exist m € N and %,, € G, such that n; (X,,) € (A; N Py)(xy,) for all i € I, where m;(x) is the
projection of x € X onto X;.

Then there exists £ = (X;);c; € X such that for each i € I, %; € A;(X) and A;(X) N P;(R) = 0.

Remark 2.2.4. If foreachi € I, X; is compact and clA; is an upper semicontinuous multivalued map, Corollary 2.2.2
reduces Theorem 4.1 in [8].

3. Systems of generalized vector quasi-equilibrium problems

This section divided into two subsections. In the first subsection, we introduce four types of systems of generalized
vector quasi-equilibrium problems (for short, SGVQEPs) and present systems of vector quasi-equilibrium problems,
systems of mixed vector quasi-variational inequalities and Debreu-type equilibrium problems for vector valued func-
tions as special cases of SGVQEPs. Some applications of results of Section 2 to establish some existence results for
solutions of SGVQEPs are given in the second subsection.

3.1. Formulations

For each i € I, let X; be a nonempty subset of a topological vector space E;, ¥; a topological vector space and let
X =[];e;Xi.Foreachi € I,let A; : X — 2% C;: X — 2¥ and F; : X — 2% be multivalued maps with nonempty
values, and let f; : X x X x X; — 2% be a multivalued map with nonempty values. We consider the following systems
of generalized vector quasi-equilibrium problems (in short, SGVQEPs):

Find (X, ) € X x X such that for each i € I,
(SGVQEP)(D) § . — = . — o . .
Xi € Aj(x),y; € Fi(x) and f;(x,y,u;) C Ci(x) for all u; € A;(x).
Find (X, ) € X x X such that for each i € I,

(SGVQEP)(II) { o o . R
Xi € Aj(x),y; € Fi(x) and f;(xX, y,u;) NCi(x) £ @ for all u; € A;(x).

Find (X, y) € X x X such that for each i € I,

(SGVQEP)(III) { o = A ] R R
Xi € Aj(x),y; € Fi(x) and fi(x,y,u;) N (—int C;(x)) =@ for all u; € A;(x).

Find (x, y) € X x X such that for each i € I,

(SGVQEP)(1V) { o = R ) R .
Xi € Aj(x),y; € Fi(x) and f;(x, ¥, u,-);( —int C; (%) for all u; € A;(x).
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Itis clear that every solution of (SGVQEP)(I) (respectively, (SGVQEP)(III)) is a solution of (SGVQEP)(II) (respectively,
(SGVQEP)(1V)) but converse assertion does not hold.

A problem similar to (SGVQEP)(I) and some other types of systems of generalized vector quasi-equilibrium problems
are studied in [14] in the setting of locally G-convex uniform spaces.

Ifforeachi € I, F; = A; and f;(x, y, u;) is independent of the variable y, that is, f;(x, y, u;) is a multivalued map
of two variables x and u;, then (SGVQEP)(IV) is introduced and studied by Ansari and Khan [2]. They established the
existence results for a solution of such problem. As an application of their problem, they derived existence results for a
solution of (Debreu VEP)(II) (see below) for nonconvex and nondifferentiable (in some sense) vector valued functions.
Furthermore, if foreachi € [ and forall x € X, F;(x)=A;(x) = X. Then (SGVQEP)(IV) is considered and studied by
Ansari et al. [4]. Some existence results for solutions of such problem are established. By using these results, existence
of solutions of Nash equilibrium problem for vector valued functions are derived.

Special Cases: (a) If for each i € I, f; is a single valued map, then (SGVQEP)(I) and (SGVQEP)(II), and
(SGVQEP)(IIT) and (SGVQEP)(IV), respectively, reduce to the following systems of vector quasi-equilibrium
problems (for short, SVQEPs):

Find (X, ) € X x X such that for each i € I,
(SVQEP)d) § . — . — . A N .
Xi € Aj(x),y; € Fi(x) and f;(x, y,u;) € C;(x) for all u; € A;(x).

{Find (X,y) € X x X such that for each i € I,

(SVQEPYAD .  — = . — . A . . .

Xi € Aj(x),y; € Fi(x) and f;(x,y,u;) ¢ —int C;(x) for all u; € A;(x).

Of course, (SVQEP)(I) is more general than (SVQEP)(II) as every solution of (SVQEP)(I) is a solution of (SVQEP)(II)
but converse assertion is not true.

Ifforeachi € I, F; = A; and f;(x, y, u;) is independent of the variable y, that is, f; (x, y, u;) is a single valued map
of two variables x and u;, then the existence of solutions of (SVQEP)(II) is studied in [1] with application to (Debreu
VEP)(II).

Furthermore, if for each i € I and for all x € X, F;(x) = A; (x) = X. Then (SVQEP)(II) is studied in [3].

(b) We denote by L(E;, Y;) the space of all continuous linear operators from E; into Y;. For each i € I, let
H; : X — 2L(EiYD) be a multivalued map with nonempty values, and let g; : X x X; — Y; and n; : Xi x X; > X; be
vector valued mappings. Foreachi € I,let f; (x, y, u;)=(H;(x), n; (u;, x;)) +gi (x, u;) forall (x, y, u;) € X x X x X;
and let F; = A;. Then SGVQEPs become the following systems of mixed vector quasi-variational-like inequalities (in
short, SMVQVLIs).

Find £ = (£);c; € X such that for each i € I, X; € A; (%) and

(SMVQVLIP)(I) { . A A N A . .
(hi, ni(ui, x,')> + gi(x, Mi) (S Ci(x) for all u; € A,-(x) and ]’li S H,‘(x).

Find £ = (£);c; € X such that for each i € I, X; € A;(%) and
(SMVQVLIP)(II) { for each u; € A; (%), there exists h; € H; (%) satisfying
(hi i i %) + 8i (R, ui) € Ci(R).
Find £ = (£);c; € X such that for each i € I, ; € A;(%) satisfying

(SMVQVLIP)(II) { . R N . N N A N
(hi, n;(ui, X)) + gi (%, u;) ¢ —int C;(x) for all u; € A;(x) and h; € H;(x).

Find X = (%;);c; € X such that for each i € I, %; € A;(%) and
(SMVQVLIP)(IV) { for each u; € A;(%), there exists h; € H; (%) satisfying
i i iy 50)) + i (R, up) ¢ — int G (R).
(SMVQVLIP)(IV) is considered and studied by Ansari and Khan [2] for the case g; = 0 for each i € I. It is also
considered in [4] for the case A; (x) = X; foreachi € I and for all x € X. For further detail and other particular cases,

see for example [1-4,14] and references therein. . .
(c)Foreachi € I,let; : X — Y; beavector valued map and let X' =[], ; ., X ;. We write X = X' x X;. For each

x=(xi)ies € X,letx' =(x}) ey, jzi» we write x = (x', x;). If foreachi € I,n; = Oand g; (x, u;) = @; (x', u;) — @; (x)
for all (x, u;) € X x Xj, then the above four kinds of SMVQVLIPs reduce to the following two classes of Debreu-type
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equilibrium problems [10] for vector valued maps:

Find £ € X such that for each i € I, %; € A; (%) and

(Debreu VEP)(I) { o R R n
©; (X", u;) — @;(x) € C;(x) for all u; € A;(X).

Find % € X such that for each i € I, %; € A;(%) and

(Debreu VEP)(I) { N N . N N
@; (X", u;j) — @;(X) ¢ —int C;(X) for all u; € A;(x).

From the above special cases, it is clear that our SGVQEPs are more general and unifying models of several problems
studied in the literature.

3.2. Existence results for solutions of SGVQEPs
First, we recall the following definitions.

Definition 3.2.1. Let X be a nonempty convex subset of a topological vector space E and Y be a topological vector space.
A multivalued map @ : X — 2Y is said to be concave if for any x1, xo € X and A € [0, 1], AD(x1) + (1 — )P(x2) C
O(Ax1 + (1 — Dxy).

Definition 3.2.2. Let X be a nonempty convex subset of a topological vector space E and Y be a topological vector
space. Let @ : X x X — 2¥ and C : X — 2" be multivalued maps such that for each x € X, ®(x) # @ and C(x) is a
closed convex cone with intC(x) # @. Let x € X be arbitrary, then @ is called

(1) C(x)-quasi-convex if for all y1, y € X and 4 € [0, 1], we have either
D(x, y1) € P(x, Ay1 + (1 = Dy2) + C(x)
or
P(x, y2) € Px, Ay1 + (1 = Hy2) + C(x);
(ii) C(x)-quasi-convex-like [5] if for all y;, y» € X and 4 € [0, 1], we have either
D(x, Zy1 + (1 = Dy2) € P(x, y1) — C(x)

or
D(x, Ay + (1 — )y2) € P(x, y2) — C(x);

(iii) natural C(x)-quasi-concave if for any y;, y» € X, 4 € [0,1] and z1 € @(x, y1), 22 € D(x, y2), there exists
z € ®(x, Ay; + (1 — 2)y») such that z € co{zy, z2} — C(x);
(iv) C(x)-convex on X if for any y;, y» € X and 4 € [0, 1],

D(x, Ay1 + (1 = Dy2) € AP(x, y1) + (1 = ) P(x, y2) — C(x).

From now onward, unless otherwise specified, for each i € I, let X; be a nonempty convex subset of a locally
convex Hausdorff topological vector space E; and let X =[[,.; X;. Foreach i € I, let ¥; be a topological vector space
and C; : X — 2 be a multivalued map such that for each x € X, C;(x) is a proper, closed and convex cone with
int C; (x) # 0.

Theorem 3.2.1. Foreachi € I,let f; : X x X x X; — 2Yi be a lower semicontinuous multivalued map with nonempty
values. For each i € I, assume that

() F;, A : X — 2%i are lower semicontinuous multivalued maps with nonempty convex values;
(i) C;: X — 2 is an upper semicontinuous multivalued map;
(ii)) forall x = (xi)ier,y € X, filx, y, xi) S Ci(x);
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@iv) forall x,y € X, the multivalued map u; — fi(x,y, u;) is C;j (x)-quasi-convex; and

(v) there exist nonempty compact subsets K and M of X and nonempty compact convex subsets D; and D; of X; for
eachi € I with the property that for each (x, y) € X x X\K x M, there exist j € I and iij € Dj, v; € Dj such
thatiij € Aj(x), 0j € Fj(x) and fj(x,y, i;)ZCj(x).

Then there exists a solution (X, ) = ((Xi);er>» Di)icr) € K x M of (SGVQEP)(I).

Proof. Foreachi € I,let P, : X x X — 2%i be defined by
Pi(x,y)={u; € X; : fi(x,y, ui)gCi(x)} for all (x,y) € X x X.

By condition (iv), for each i € I and for all (x, y) € X x X, P;(x, y) is convex.

Indeed, let u;,u;, € Pi(x,y) and 2 € [0, 1], then ﬁ(x,y,uij)gzc,'(x) for j =1,2. Let uy = Au;, + (1 —
/)u;,, then we have to show that f;(x, y, u, )QC,- (x). Suppose on the contrary that there exists a 49 € [0, 1] such
that f;(x, y,u;,) S Ci(x). Since the multivalued map u; +— fi(x, y,u;) is C;(x)-quasi-convex, we have either
fitx,y,ui) € filx,y,uy;)+ Ci(x)or fi(x,y,ui,) € fi(x,y,uy)+ Ci(x) forall A € [0, 1]. Therefore, in particular,
we have either f;(x, y,u;) C fi(x, y,uy) + Ci(x) or fi(x,y,ui,) € fi(x,y,uy) + Ci(x). Since fi(x,y,uy) <
Ci(x), we have f;(x, y, u;i;) S Ci(x)+Ci(x)=C;(x), i =1, 2 which contradicts to our assumption thatu;; € P;(x, y).
Hence, P;(x, y) is convex.

Since for all x = (x;);¢7, vy € X, fi(x,y,xi) € Ci(x) we have x; ¢ P;(x, y) =coP;(x,y).

For each i € I, P; has an open graph in X x X;. Indeed, let (x,y,u;) € cl[G,P;]°, then there exists a net
{(x*, y*, ul)}yeq in [G,P;]¢ such that (x*, y*, u}) — (x,y,u;) € X x X x X;, where A is an index set. Then
fitx®, y*, u¥) € C;j(x*) foralla € A.Forany z € f;(x,y, u;), the lower semicontinuity of f; on X x X x X; implies
that there exists a net {z*} in X; such that z* — z and z* € f;(x%, y*, u}) for all « € A. Hence z* € C;(x*) for all
o € Aand (x%, z*) — (x, z). Since C; is upper semicontinuous with closed values, it follows that C; is closed and hence
z € Ci(x). This shows that f;(x, y, u;) € C;(x). Therefore, (x, y, u;) € [G, P;]° and hence [G, P;]° the complement
of G, P; in X x X x X; is closed.

Condition (v) implies for each (x, y) € X x X € K x M, there exists j € I such that (A;(x) N P;(x,y))N ﬁj ~0
and Fj(x) N D; # §. Then by Theorem 2.2.1 there exists (X, ) = ((X;);es, (Ji)ies) € K x M such that for eachi € I,
% € Ai(®), 9i € Fi(®) and P;(%, §) N A;(X) =0, that is, f; (%, ¥, u;) € C; (%) forallu; € A; (). O

Theorem 3.2.2. For eachi € I,let f; : X x X x X; — 2Yi be an upper semicontinuous multivalued map with
nonempty compact values. For each i € I, assume that

() F;, A; : X — 2% are lower semicontinuous multivalued maps with nonempty convex values;
(i) C;: X — 2" is an upper semicontinuous multivalued map;,
(iii) for all x = (x)ics. v € X, fi(x, v, ) N Ci(x) # B;
@iv) forall (x,y) € X x X, the multivalued map u; — f;(x, y, u;) is Cij(x)-quasi-convex-like; and
(v) there exist nonempty compact subsets K and M of X and nonempty compact convex subsets D; and D; of X; for
eachi € I with the property that for each (x, y) € X x X\K x M, there exist j € I and iij € Dj, vj € Dj such
thatij € Aj(x),0; € Fj(x)and fj(x,y,u;) NC;(x)=0.

Then there exists a solution (x, ) = ((Xi)jecr>» Ji)icr) € K x M of (SGVQEP)(II).

Proof. Foreachi € I,let P, : X x X — 2%i be defined by
Pi(x,y)={u; € Xi: fi(x,y,u;) NCi(x) =0} forall (x,y) € X x X.

Following the approach of Theorem 3.2.1 and by using condition (iv), we have that P;(x, y) is convex for each i € [
and for all (x, y) € X x X.

Condition (iii) implies that x; ¢ P;(x, y) =coP;(x, y) for all x = (x;);c;, ¥y € X.

Since each f; is upper semicontinuous with nonempty compact values and each C; is also upper semicontinuous, by
using the same argument as in [5], we obtain that G, P; is open.
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By Theorem 2.2.1, there exists (£, $) = ((£;);c;> Ji)ics) € K x M such that foreachi € I, %; € A; (%), 9; € Fi(%)
and P;(%, §) N A;(R) = @, that is, f; R, $, u;) N Ci(R) # @ forall u; € A;(§). O

Theorem 3.2.3. Foreachi € I,let f; : X x X x X; — 2Yi be a lower semicontinuous multivalued map with nonempty
values. For each i € I, assume that

() Fj, A; : X — 2%i are lower semicontinuous multivalued maps with nonempty convex values;
() W;: X = 2Y jsan upper semicontinuous multivalued map defined as W;(x) = Y;\(—int C; (x)) for all x € X;
(iii) for all x = (x)ies, v € X, fi(x, v, %) N (=int Ci(x)) = B;
@iv) forall (x,y) € X x X, the multivalued map u; — fi(x, y, u;) is natural C;(x)-quasi-concave;
(V) there exist nonempty compact subsets K and M of X and nonempty compact convex subsets D; and D; of X; for
each i € I with the property that for each (x,y) € X x X\K x M, there exist j € I and i} € Dj, vj € D; such
thatiij € Aj(x),v; € Fj(x) and fj(x,y,u;) N (—=intC;(x)) # @.

Then there exists a solution (X, ) = ((Xi);e1, Di)icr) € K x M of (SGVQEP)(III).

Proof. Foreachi € I,let P; : X x X — 2%i be defined by
Pi(x,y)=A{u; € X; : fi(x,y,u;) N (—=int C;j(x)) =@} for all (x,y) € X x X.

By condition (iv), for each i € [ and for all (x,y) € X x X, Pi(x, y) is convex. Indeed, let u; , u;, € P;i(x,y) and
A € [0, 1], then f;(x,y, ui;) N (—int G (x)) # ffor j=1,2.Letz;; € fi(x,y,u;;) N (—intC;(x)) for j = 1,2,
thus z;; € fi(x,y,u;;) and z;; € —intC;(x) for j = 1,2. Since (—intC;(x)) is convex, so that co{z;, z;,} <
—int C; (x). Since for each fixed (x, y) € X x X, u; — fi(x,y, u;) is natural C; (x)-quasi-concave, it is easy to see
that Au;; + (1 — Du;, € P;(x, y) and hence P;(x, y) is convex.

Condition (iii) implies that x; ¢ P;(x, y) =coP;(x, y) forall x = (x;);¢;, ¥y € X.

Since f; is lower semicontinuous on X x X x X; and W; is upper semicontinuous on X and by following the
same argument as in Proof of Theorem 3.2.1, we have that G, P; is open. By Theorem 2.2.1, there exists (X, y) =
((X)ier> Onier) € K x M such that for each i € I, % € A;(X), $ € F;(X) and P;(%, ) N A;(£) = 0, that is,
fi(x, 9y, u;)) N (—int C;(x)) =P forall u; € A;(x). O

Remark 3.2.1. The condition (iv) of Theorem 3.2.3 can be replaced by the following assumption.
(iv)’ foreachi € I and for each (x, y) € X x X, the multivalued map u; — f;(x, y, u;) is concave.

Indeed, we only remain to show that for each i € I and for all (x, y) € X x X, P;(x, y) is convex.

Let iy, ui, € Pi(x,y)and Z € [0, 1], then fi(x, y, u;;) N (=int C;(x)) # ¥ for j =1,2. Letz;; € fi(x,y,u;;) N
(=intCj(x)) for j =1,2. Then z;; € fi(x,y,u;;) and z;; € —intC;(x) for j =1, 2. Since —int C; (x) is convex,
Azi; + (1 — Az;, € —intC;(x). Since the multivalued map u; — fi(x, y,u;) is concave, Az;, + (1 — Dz, €
iﬁ(x, Vs ui]) + (- )”)fi(xﬂ Vs uiQ) - fi(x7 Y }vul] +( - )“)uiz)- Thus, ﬁ(x’ Vs ;“uil +0- i)uiz) N (—int C; (x)) #
@, it follows that Au;, + (1 — A)u;, € Pi(x, y) and hence P;(x, y) is convex.

Theorem 3.2.4. Foreach i € I, let f; : X x X x X; — 2% be an upper semicontinuous multivalued map with
nonempty compact values. For each i € I, assume that

() Fi, A; : X — 2%i are lower semicontinuous multivalued maps with nonempty convex values;,
() Wi X = 2Yiisan upper semicontinuous multivalued map defined as W;(x) = Y;\(—int C; (x)) for all x € X;
(i) forall x = (xi)ier, y € X, fi(x, y, ))& — int C; (x);
@v) forall (x,y) € X x X, the multivalued map u; — fi(x,y, u;) is C;(x)-quasi-convex-like;
(V) there exist nonempty compact subsets K and M of X and nonempty compact convex subsets D; and D; of Xi for
eachi € I with the property that for each (x,y) € X x X\K x M, there exist j € I and ui; € [)j, v;j € Djsuch
thatiij € Aj(x),v; € Fj(x) and fj(x,y,ii;) € —int C;(x).

Then there exists a solution (X, ) = ((X))icr>» Oi)ic;) € K x M of (SGVQEP)(IV).



L.-J. Lin et al. / Journal of Computational and Applied Mathematics 208 (2007) 341-353 351

Proof. Foreachi € I,let P, : X x X — 2%i be defined by
Pi(x,y)={u; € X;: fi(x,y,u;) € —intC;(x)} for all (x,y) € X x X.

By condition (iv), for each i € I and for all (x,y) € X x X, P;(x,y) is convex (see, for example [5, Proof of
Theorem 2.1]).

Condition (iii) implies that x; ¢ P;(x, y) = co; P(x, y) for all x = (x;);¢s,y € X.

Since W; is upper semicontinuous on X and f; is upper semicontinuous with nonempty compact values, by using
the same argument as in Proof of Theorem 3.2.2, we have that G, P; is open. By Theorem 2.2.1, there exists (X, y) =
(()jer» Giier) € K x M such that for each i € I, £ € A; (%), % € F;(%) and P;(%, §) N A;(X) = @, that is,
fix, 3, u)g —int C;(X)for all u; € A;(%). O

Remark 3.2.2. Condition (iv) of Theorem 3.2.4 can be replaced by the following condition:

(iv)’ foreachi € I and for all (x, y) € X x X, the multivalued map u; — f;(x, y, u;) is C;(x)-convex.
Remark 3.2.3. Theorem 3.2.4 generalizes Theorem 2.1 in [3] by several ways.

Theorem 3.2.5. Foreachi € I,let X; = U;’il G j,where {G; ; }7‘;1 is an increasing sequence of nonempty compact

convex subset of E;, and f; : X x X x X; — 2Yi be a Ls.c. multivalued map with nonempty values. Assume that the
conditions (1)—-(iv) of Theorem 3.2.1 and the following condition hold:

(V)" for each sequence {(xn, yn)}o2 | in X x X with (xn, yu) € Gp=][];c;Ginforeachn € N, which is escaping from
X x X relative to {G,}° |, there exist m € N and (X, ym) € Gy such that 7; (X)) € A; (Xm), 7 (Ym) € Fi(xm)
and fi(Xm, Ym, T (im))gCi (xm) foralli € I, where mi(x) is the projection of x € X onto X;.

Then (SGVQEP)(I) has a solution.

Proof. Foreachi € I, let P; be the same as defined in Proof of Theorem 3.2.1. By using Theorem 2.2.2, assumption
(v)’ and following the same argument as in Proof of Theorem 3.2.1, we get the conclusion. [J

Theorem 3.2.6. Foreachi € 1, let X;, E;, {Gi’j};?ozl be the same as in Theorem 3.2.5 and f; be an u.s.c. multivalued
map with noncompact values. Assume that conditions (1)-(iv) of Theorem 3.2.2 and the following condition hold:

(V)" for each sequence {(xn, yn)}o2; in X x X with (xn, yu) € Gn=[];c;Ginforeachn € N, which is escaping from
X x X relative to {G,};° ., there exist m € N and (X, ym) € G such that ; (X)) € Aj (X)), T (Ym) € Fi (xm)
and fi (X, ym, i (X)) N Ci(xp) =@ foralli € 1, where w;(x) is the projection of x € X onto X;.

Then (SGVQEP)(II) has a solution.

Proof. Foreachi € I, let P; be the same as defined in Proof of Theorem 3.2.2. By using Theorem 2.2.2, assumption
(v)’ and following the same argument as in Theorem 3.2.2, we get the conclusion. [J

Theorem 3.2.7. Foreachi € I, let X;, E;, {G,-,j};’»o=1 and f; be the same as in Theorem 3.2.5. Assume that conditions
(1)—(@v) of Theorem 3.2.3 and the following condition hold:

(V) for each sequence {(x,, Yo in X x X with (x,, yn) € G, =11;¢;G; n for eachn € N, which is escaping from
X x X relative to {G,};° ,, there exist m € N and (X, ym) € G such that m; (X)) € Aj (X)), i (Ym) € Fi(xm)
and fi (X, Ym, 7 (X)) N (—int C; (x,,)) # @ for all i € I, where ;(x) is the projection of x € X onto X;.

Then (SGVQEP)(III) has a solution.

Proof. Foreachi € I, let P; be the same as defined in Proof of Theorem 3.2.3. By using Theorem 2.2.2, assumption
(v)" and following the same argument as in Theorem 3.2.3, we obtain the conclusion. [J
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Theorem 3.2.8. Foreachi € I, let X;, E;, {Gi.j};?i1 and f; be the same as in Theorem 3.2.5. Assume that conditions

(1)—(@v) of Theorem 3.2.4 and following condition hold:

(v)' for each sequence {(x,, Yoo in X x X with (x,, yp) € G, =1;¢; G, n for eachn € N, which is escaping from
X x X relative to {G,l}zozl, there exist m € N and (X, yin) € Gy, such that w; (X)) € A;(Xm), T (V) € Fi (x;)
and fi (Xms Ym, T (X)) € —int Ci (xp,) for all i € I, where m;(x) is the projection of x € X onto X;.

Then (SGVQEP)(IV) has a solution.

Proof. Foreachi € I, let P; be the same as defined in Proof of Theorem 3.2.4. By using Theorem 2.2.2, assumption
(v)" and following the same argument as in Proof of Theorem 3.2.4, we get the conclusion. [J

4. Conclusions

In this paper, we first considered generalized abstract economy which generalizes the concept of an abstract economy
studied in the literature. By using a known maximal element theorem for a family of multivalued maps, we proved the
existence of an equilibrium for generalized abstract economy with lower semicontinuous constraint correspondence and
a fuzzy constraint correspondence defined on a noncompact/nonparacompact strategy set. As a particular case, we also
derived the existence results for an equilibrium of abstract economy. Secondly, we considered systems of generalized
vector quasi-equilibrium problems (for short, SGVQEPs) which contain system of vector quasi-equilibrium problems,
system of generalized mixed vector quasi-variational inequalities and Debreu-type equilibrium problems for vector
valued functions as special cases. As applications of results of Section 2.2, we established some existence results for
solutions of SGVQEPs. The existence results for solutions of the problems which are special cases of our SGVQEPs can
be easily derived from the results of Section 3.2. By using the technique of Ansari et al. [1-4], it is easy to establish the
existence of solutions of (Debreu VEP)(I) and (Debreu VEP)(II) for nondifferentiable (in some sense) and nonconvex
vector valued functions. To best of our knowledge, no study has been done on the existence of solutions of (Debreu
VEP)(I). This paper can be seen as an effort in this direction.
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