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Abstract In this paper, we study an existence theorem of systems of generalized
quasivariational inclusions problem. By this result, we establish the existence theo-
rems of solutions of systems of generalized equations, systems of generalized vector
quasiequilibrium problem, collective variational fixed point, systems of generalized
quasiloose saddle point, systems of minimax theorem, mathematical program with
systems of variational inclusions constraints, mathematical program with systems of
equilibrium constraints and systems of bilevel problem and semi-infinite problem with
systems of equilibrium problem constraints.
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1 Introduction

In 1979, Robinson [30] studied the following variational inclusions problem:
For each x € R", find y € R™ such that

0€eglxy + 0,y (1a)

where g: R" x R™ — RP is a single valued function and Q: R" x R — RP is a
multivalued map. It is known that (1a) covers a vast of variational system important
in applications. For example, model (1a) can be reduced to a parametric variational
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inequality: Find y € Q such that
(q(x,y),u—y) >0 forallu € Q.

Since then, various types of variational inclusions problems have been extended and
generalized by Hassouni and Moudafi [14], Adly [1], Ahmad and Ansan [2], Chang
[9], Ding [10], Huang [16], Ahmad et al. [3], etc. Very recently, Morduckhovich [29]
study equilibrium problem with various inclusions constraint of model (1a). For fur-
ther references on variational inclusions, one can refer to Mordukhovich [28,29] and
references therein.

Let X be a topological vector space, let K € X be anonemptysetandf: Kx K — R
be a bifunction with f(x,x) = 0 for all x € X. Then the equilibrium problem (EP)
Blum et al. [8] is to find X € X such that f(x,y) > Oforally € K.

It is known that equilibrium problem and systems of equilibrium problem contain
variational inequalities problem, optimization problems, fixed point problem, com-
plementary problems, saddle point problems and Nash equilibrium as special cases.
For detail, one can refer to Ansari et al. [4], Blum and Oettli [8], Lin [18-20], Lin et al.
[21-25] and references therein.

Generalized semi-infinite problems are programs of the type

SIP: rr;in fx) st ¢x,0)>0 Vie H(x), (1b)

where H(x) C R is the index set defined by a set-valued mapping H: R" — R".
Bilevel problems are of the form

BL: min f(x,y) s.t. gx,y) >0,
Xy

and y is a solution of Q(x): m[inF(x, 1) st te Hx). (2)

We also consider mathematical programs with equilibrium constraints
MPEC: minf(x,y) st gx,y) >0, yeH(x)
x’y
and  ¢(x,y,t) >0 vVt € H(x). 3)

These programs represent three important classes of optimization problems which
have been investigated in a large number of papers and books (see Refs. [6,7,13,
27] and the references therein). As usual in linear and nonlinear optimization, these
papers mainly deal with optimality conditions and numerical methods to solve the
problems. Typically the existence of a feasible point is tacitly assumed (see Lin and
Still [24]). Recently, Lin et al. [21,22,24], Lin [18,19] investigate under which assump-
tions the existence of feasible points can be assumed in advanced.

One can easily see that the above problems also have many relations with the
following problems.

Let I be an index set. For each i € I, let Z; be a real topological vector space (in
short, t.v.s.), X; and Y; be nonempty closed convex subsets of locally convex t.v.s. E; and
Vi, respectively. Let X = [[;;X; and Y =[], Y. Foreachie I,let Az X x Y — Xj,
Ti: X < Y;,Gi: X xYxY;— Z and C;,D; : X — Z; be multivalued maps. In this
paper, we study the following type of systems of variational inclusions problems:

(SVIP) Find x = (Xj)ie; € X, ¥ = (Ji)ies € Y such that x; € A;(x,Y), ¥; € Ti(x), and
0 € Gi(x,y,v;) for all v; € Ti(x); (i.e.0 € G;(x,y, Ti(x))) for alli € I.
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(SVIP) contains the following problems as special cases:

(1) UH X XY — Z;, 0t X xY xY; — Z;and Gi(x,y,v;) = Hi(x,y) + Qi(x,y,vi),
then (SVIP) will be reduced to the following problem:
Find ¥ = (X))ic; € X,y = (Vdier € Y such that x; € A;(x,y), y; € Ti(x) and
0 € Hi(x,y) + Qi(x,y,v;) for all v; € T;(x). Thatis 0 € H;(x,y) + Qi(x,y, Ti(X))
foralliel.

(i) If Gi(x,y,vi) = —Di(x)+ Qi(x,y,v;), then (SVIP) will be reduced to the systems
of equilibrium problem:

Find x = (X))ie; € X,y = (Vdier € Y such that x; € A;(x,y), yi € Ti(x) and
Gi(x,y,vi) N Di(x) # @ for all v; € T;(x) for alli e I.

(i) If Gi(x,y,vi) = [Z; \ (—intD;(x))] + Qi(x,y,v;), then (SVIP) will be reduced to
the systems of equilibrium problem:

Find (x,y) € X x Y, x; € Ai(%,y), yi € Ti(%), Qi(x,y,v;) € —intD;(x) for all
vie Tij(x)and all i € I.

(iv) fH: X xY — Xand Q;: X x Y x Y; — X and if H;(x,y) = {—x} for eachi € I,
then (SVIP) will be reduced to the systems of variational fixed point problem:
Find x = (X))ie; € X,y = (Vi)ier € Y such that x; € S;(x), y; € T;(x) and
X € Qi(x,y,v;) for all v; € Ti(x) and all i € I. That is ¥ € Q;(x,y, Ti(x)) for all
iel.

(v) f G X xY x Y; — Z;is asingle valued function, then (SVIP) will be reduced
to the systems of generalized quasivariational equation problem:

Find X = (Xi)ic; € X,y = (Vi)ier € Y such that x; € A;(x,y), y; € Ti(x) and
0= Gi(x,y,v;) forallv; € T;(x) foralli € I.
(SVIP) also have many applications.

(vi) IfSi X —o X, Fit X x Y x Xj — Z;andlet A;(x,y) = {w; € Si(x): 0 € Fi(w,y, u;)
for all u; € S;(x)}, then (SVIP) will be reduced to the following problem:
Find (x,y) € X x Y such that x; € S;(%), y; € T;(x),

0 € Fi(x,y,u;) forallu; € Si(x)
and
0 € Gi(x,y,v;) forallv; e T;(x), foralliel.

(vi) contains (vii), (viii), (ix) and (x) as special cases.
(vii) Find (x,y) € X x Y such that X; € S;(%), y; € Ti(x),

Fi(x,y,up) NCi(x) #¢ for all u; € Si(x)
and
Gi(x,y,viyNDi(x) #@ forallv; € T;(x), foralliel.
(viii) Find (x,y) € X x Y such that x; € S;(%), y; € T;(x),
Fi(x,y,u;) ¢ —intC;(x) for all u; € S;(%)
and
Gi(x,y,viyNDi(x) #¥ forallv; e T;(x) and foralliel.
(ix) Find (x,y) € X x Y such that X; € S;(x), y; € Ti(x),

Fi(x,y,u;) ¢ —intC;(x) forall u; € S;(x)
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and
Gi(x,y,vi) ¢ —intD;(x) #¢ forallv; € T;(x) and foralliel.
(x) Find (x,y) € X x Y such that x; € S;(x), y; € T;(x) and
Fi(x,y,uj) N Ci(x) #¢ for all u; € S;(x)
and
Gi(x,y,v)) € —intD;(%) for all v; € T;(x) and for all i € I.

As applications of our results, we study the mathematical program with equilibrium
constraint, bilevel problem and semi-infinite problems, our approach are different
from Fukushima and Pang [13], Bard [6], Luo et al. [27] and Lin et al. [18,22,24].

IfF: X xY — Z;and h: X x Y — Zj, where Zj is a real t.v.s. ordered by proper
closed conve cone Cy in Zy, (SVIP) can be applied to studied the following problem:

(xi) mathematical program with systems of variational inclusions constraints:
mingy y) A(x,y), X = (xi)ier € X,y = (yidier € Y such that x; € Si(x), y; € Ti(x),
Fi(x,y) C Ci(x) and 0 € Gj(x,y,v;) for all v; € T;(x) and for all i € I.

(xii) mathematical program with systems of equilibrium constraints:

(SMPEC 1) min(y y) A(x,y), x = (xi)ier € X,y = (yi)ier € Y such thatx; € S;(x),
yi € Ti(x), Fi(x,y) € D;(x) and Gj(x,y,v;) N D;(x) # ¢ for all v; € T;(x) and for
alliel

or

(SMPEC2) min(y ) A(x,y), x = (xi)ier € X,y = (yi)ier € Y such thatx; € S;(x),
yi € Ti(x), Fi(x,y) € —int D;(x) and G;(x,y,v;) ¢ —int D;(x) for all v; € T;(x)
and foralli e I.

If Z; =Rforallie I, Zg = Rand Ci(x) = R* =[0,00) forall x € X and i € I, then
(SMPEC 1) and (SMPEC 2) will be reduced to the following problem:

(xiii) mingyy) h(x,y), X = (X))ier € X,y = (yi)ies € Y such that x; € S;(x), y; € T;(x),
Fi(x,y) > 0 and G;(x,y,v;) > O for all v; € T;(x) and for alli € I.

(ixv) If Qi X x Y; —> Rand Gj(x,y,v;) = Qi(x,v;) — Qi(x,y;), then (SMPEC 1) and
(SMPEC 2) will reduce to the systems of bilevel problem:
mingy A(x,y), x = (xiier € X,y = (¥i)ier € Y such that x; € S;(x), y; € T;(x),
Fi(x,y) = 0 and y; is a solution to the problem min,,c7;) Qi(x,Vv;) for alli € I.

(xv) For the special cases of systems of bilevel problem is the semi-infinite problem
with systems of equilibrium constraints:
mingy h(x,y), x = (xiier € X,y = (yi)ier € Y such that x; € S;(x), y; € T;(x),
Fi(x,y) > 0 and G;(x,v;) = O for all v; € T;(x) and for alli € I.

(xvi) In (i), if Hi(x,y) = (—00,0], Bi X — Wi, n;: Y x Y; — Y;, and Gi(x,y,v;) =
(Bi(x),n(y,vi)), where Wi is the dual space of W;, then (i) will reduce to the
following mixed variational-like inequality problem:

Find X = (X))ic; € X,y = (Vi)ier € Y such that for x; € A;(x,y), y; € Ti(x) and
(Bi(X),n(y,vi)) > 0for all v; € T;(x) and for alli € I.

In this paper, we first study the existence theorem of systems of generalized
quasivariational inclusions, from which we study the existence theorems of systems
of generalized quasiequilibrium problems, systems of variational fixed point prob-
lems, systems of generalized quasivariational equations. As applications, we study the
existence theorems of two family of variational inclusions, systems of simultaneous
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quasiequilibrium problems. We also study the existence theorems of mathematical
program with systems of generalized quasivariational inclusions constraints, mathe-
matical program with systems of equilibrium constraints, systems of bilevel problems
and semi-infinite problem with systems of equilibrium constraints. Our results on sys-
tem of generalized quasiequilibrium problems are different from Lin [18,23] and Lin
et al. [22,23,25]. Our results on systems on simultaneous quasiequilibrium problems
are different from Ansari et al. [4] and Chang [19]. Our results on mathematical prob-
lem with systems of equilibrium constraints are different from Bard [6], Birbil et al.
[7], Fukushima and Pang [13], Lin et al. [22,24], Lin [18], and Luo et al. [27].

2 Preliminaries

Let X and Y be topological spaces (in short t.s.), 7: X — Y be a multivalued map.
T is said to be upper semicontinuous (in short u.s.c.) (respectively lower semicon-
tinuous (in short ls.c.) at x € X, if for every open set U in Y with T(x) € U (resp.
T(x) N U # @) there exists an open neighborhood V(x) of x such that T(x') € U
(resp. T(x') N U # &) for all x' € T(x); T is said to be u.s.c. (resp. l.s.c.) on X if T is
u.s.c. (resp. L.s.c.) at every point of X; T is continuous at x if 7 is both u.s.c. and lLs.c.
at x; T is compact if there exists a compact set K such that 7(X) € K; T is closed if
GrT ={(x,y) e X xY:ye T(x),x € X}isaclosedsetin X x Y.

Let Z be areal t.vss., D a proper convex cone in Z. A point y € A is called a vector
minimal point of A if foranyy € A,y —y ¢ —D \ {0}. The set of vector minimal point
of A is denoted by Minp A.

The following Lemmas and theorems are need in this paper.

Lemma 2.1 ([31]) Let X and Y be topological spaces, T: X — Y be a multivalued
map. Then T is Ls.c. at x € X if and only if for any y € T(x) and any net {x,} in X
converges to x, there exists a net {yq }acn, Ya € T(xy) forall @ € A with y, — y.

Lemma 2.2 ([26]) Let Z be a Hausdorfft.v.s., C be a closed convex conein Z. If A is a
nonempty compact subset of Z, then MincA # (.

Theorem 2.1 ([S]) Let X and Y be Hausdorff topological spaces, T: X — Y be a
multivalued map.

(1) If T is an u.s.c. multivalued map with closed values, then T is closed.
(i) IfY is a compact space and T is closed, then T is u.s.c.
(iii) If X is compact and T is an u.s.c. multivalued map with compact values, then
T(X) is compact.

Definition 2.1 ([11]) Let E be a vector space and X C E an arbitrary subset. A
multivalued map F: X — E is said to be a KKM map provided

n
conv{xy,x2,...,Xp} C UF(xi)
i=1

for each finite subset {x1,...,x,} € X, where conv{xy,x3,...,x,} denotes the convex
hull of {x{,x2,...,x,}.
The basic property of KKM map is given in Theorem 2.2.
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Definition 2.2 Let X be a nonempty convex subset of a vector space E, Y be a non-
empty convex subset of a vector space H and Z be a real t.v.s. Let F: Y — Z and
C: X — Z be multivalued maps such that for each x € X, C(x) is a closed convex
cone.

(i) Fis C(x)-quasiconvex if for any yq, y» € Y and X € [0, 1], either
F(y1) € Fy1 + (1 = 2y2) + Cx)
or
F(y2) S FOy1+ 1 —My2) + Cx)
(ii) Fis C(x)-quasiconvex-like if for any yq, y» € Y and X € [0, 1], either
F(yr + @ = 2)y2) € F(y) — Cx)
or

FQOyr+ 1 =20y2) € F(y2) — Clx)
(iii) F is {0}-quasiconvex-like if for any y{, y» € Y and A € [0, 1], either
FQOyr+ 1 —=M0y2) € F(y1)

or

FQOyi+ 1 =2)y2) € F(y2)
(iv) Fis affine if for any y;, y2 € Y and A € [0,1],

F(Ouy1 + (1 —Wy2) = AF(x,y1) + (1 = D)F(x,y2).
(v) Fisconcave if for any y1,y2 € Y and X € [0,1], we have
AF(y) + (1= MF(y2) € Flyr + (1 = 2)y2).

(vi) Fis{0}-quasiconvex if for any y1, y» € Y and A € [0, 1], either

F(y1) € FOyi + 1 = Vy2)

or

F(y2) € FOy1 + (1 =2)y2)

Theorem 2.2 ([11]) Let E be a t.v.s, X be an arbitrary subset of E, and F: X — E a
KKM map. If G(x) is closed for each x € X and if G(xg) is compact for some xy € X,
then {G(x): x € X} # (.

Theorem 2.3 ([15]) Let X be a convex subset of a locally convex t.v.s. and D be a
nonempty compact subset of X, T: X — D be an u.s.c. multivalued map such that for
each x € X, T(x) is a nonempty closed convex subset of D. Then there exists a point
X € X such that x € T(X).

Theorem 2.4 ([25]) Let E1, E», and Z be Hausdorfft.v.s., X and Y be nonempty subsets
of Ey and E,, respectively. Let F: X x Y — Z, S: X — Z be multivalued maps, and let
T: X — Y be defined by T(x) = Uyes) F(x,y) = F(x,S(x)).
(a) Ifboth S and F are ls.c., then T is l.s.c. on X.
(b) Ifboth S and F are u.s.c. multivalued maps with compact values, then T is an u.s.c.
multivalued map with compact values.
Throughout this paper, we assume that all topological spaces are Hausdorff.
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3 Existence results for a solution of system of generalized quasivariational inclusions
problems

The following theorem is the main result of this paper.

Theorem 3.1 Let I be any index set. For eachi € I, let X; be a nonempty convex subset
of a locally convex t.v.s. E;, Z; be a t.v.s., and Y; be a nonempty convex subset of a t.v.s.
Wi. Let X = [];c; Xi and Y = [];; Yi. For each i € I, suppose that

(1) A X xY —o Xjisacompactu.s.c. multivalued map with nonempty closed convex

values;

(i) T;: X — Y; is a compact continuous multivalued map with nonempty closed
convex values;

(iii) Gi X x Y x Y; —o Z; is a closed multivalued map with nonempty values and for
each (x,v;) € X x Y;, y — Gi(x,y,v;) is concave or {0}-quasiconvex;

(iv) foreach (x,y) € X x Y withy = (yi)ier, vi — Gi(x,y,V;) is {0}-quasiconvex-like
and 0 € Gi(x,y,yi).

Then there exists (x,y) € X x Y with X = (X;)ie; and y = (Vi)ie1 Such that for each
iel xie Ai(x,y), yi € Ti(x) and 0 € G;(X,y,v;) for all v; € T;i(X).

Proof Foreachie I,let H: X — T;(X) be defined by
Hi(x) ={y; € Ti(x): 0 € Gi(x,y,v;) for all v; € T;(x), and for y = (yi)ier}-

Then H;(x) is nonempty for each x € X and i € I. Indeed, for eachi €  and x € X,
let Q;(x): T;(x) — T;(x) be defined by

Qi) (vi) ={yi € Ti(x) : 0 € Gi(x,y,v)}.

Then Q;(x) is a KKM map. Indeed, suppose that Q;(x) is not a KKM map, then there
exists a finite set {v},v?,...,v/} in T;(x) such that co{v},...,v!} ¢ U}_; Qi(x)(v5).
Hence there exists vf‘ = )qvl! +- Vi e co{v,1 s vlz, ..., v} such that v;‘ ¢ Ql-(x)(vf-‘)
forall k = 1,2,...,n, where A; > 0,j = 1,2,...,n and Z;‘zl Aj = 1. Since T;(x) is
convex, v € co{v},v?,... v} C Ti(x). But v ¢ Qi(x)(vK) forall k = 1,2,...,n, we
see that 0 ¢ G;(x,v*,vk) forallk = 1,2,...,n where v* = (v});c;. By (iv), there exists

1 <j < nsuch that
0 € Gi(x,v*,v}) € Gitx, V4 V).

This leads to a contradiction. Therefore Q;(x) is a KKM map. For each i € I and
vi € Yi, Qi(x)(v;) is a closed set. Indeed, if y; € Q;(x)(v;), then there exists a net {y¥}
in Q;(x)(v;) such that y¥ — y;. Let y* = (y¥)ier and y = (y;)ier. One has y¢ € T;(x)
and 0 € Gj(x,y%,v;). Since T;(x) is a closed set and G; is closed, y; € T;(x) and
0 € Gi(x,y,v;). This shows that y; € Q;(x)(v;) and Q;(x)(v;) is a closed set for each
i € [andv; € Y;. By (ii), Ti(X) is compact and Q;(x)(v;) C Ti(X), we see that Q;(x)(v;)
is compact for each v; € Y; and i € I. Then by KKM Theorem, ﬂvl_ eTitx) Qi(x)(v)) #4.
Lety; € ﬂvieTi(x) Qi(x)(vj), then 0 € G;(x,yv;) for all v; € T;(x) and H;(x) is non-
empty for each x € X and i € I. H; is closed for each i € I. Indeed, if (x,y;) € GrH;,
then there exists a net (x*,y%) € GrH; such that (x*,y%¥) — (x,y;). Let y* = (y¥)ier
and y = (yi)ier- One has y¥ € T;(x*) and 0 € G;(x*,y*%,v;) for all v; € T;(x*). By
(ii) and Theorem 2.1, T; is closed and y; € Tj(x). Let v; € T;(x). Since T; is Ls.c., it
follows from Lemma 2.1 that there exists a net {v¥} such that v € T;(x*) and v — v;.
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We have 0 € G;(x*,y*,v¥). Since G; is closed, 0 € G;(x,y,v;) for all v; € T;(x). This
shows that (x,y;) € GrH; and GrH; is a closed set. Therefore H; is closed for each
i €l But Hi(X) € T;(X) and T;(X) is compact, it follows from Theorem 2.1 that
H;: X — Y, is a compact u.s.c. multivalued map. H;(x) is convex for each x € X and
i € I. Indeed, let y!, y? € Hi(x) and % € [0,1]. Let y! = (y})ies and y? = (¥?)jer,
then y}, )’12 e Tix),0 € Gi(x,yl, vi)and 0 € G,—(x,yz,vi) for all v; € Tj(x). Therefore
yi+ (L= 2)y7 € Ti(x). By (iii),

0 € Gi(x, Ay + (1 — 2)y%vi)

for all v; € Ti(x). This shows that Ay} + (1 — A)y? € H;(x) and H;(x) is convex.
Since H; is closed, it is easy to see that H;(x) is a closed set for each x € X. Let
0: X x Y — X x Y be defined by

Ox,y) = [HAi(x,y)} x [HH,(x)]
iel iel

It follows from Lemma 3 [12] that [],.; Ai(x, ), [[;c; Hi(x) and Q are compact u.s.c.
multivalued maps with nonempty closed convex values. Then by Himmelberg fixed
point Theorem that there exists (X,y) € X x Y such that (x,y) € Q(x,y). Hence for
eachie I, x; € Ai(x,y),y; € Ti(x) and 0 € G;(x,y,v;) for all v; € T;(X). |

For the particular cases of Theorem 3.1, we have the following Theorems and
Corollaries.

Theorem 3.2 In Theorem 3.1, if conditions (iii) and (iv) are replaced by (iii)| and (iv),
respectively, where

(ili)y Hi: X xY — Z; is a closed multivalued map with nonempty values and
Qi: X XY xY; — Z;is an us.c. multivalued map with nonempty compact
values;

(iv)y for each (x,v;) € X x Y;, y — Hi(x,y) and y — Qj(x,y,v;) are concave or
{0}-quasiconvex; for each (x,y) € X x Y, v; — Qi(x,y,v;) is {0}-quasiconvex-
like and 0 € Hi(x,y) + Qi(x,y,yi), where y = (y)iel-

Then there exists (X,y) € X x Y with X = (X;)ic; and y = (V;)ie1 such that for each
iel xie€ Ai(x,y), yi € Ti(x) and 0 € Hi(x,y) + Qi(x,y,v;) for all v; € Ti(X).

Proof Foreachiel,let Gz X x Y x Y; — Z; be defined by
Gi(x,y,vi) = Hi(x,y) + Qi(x,y,v)).

Then G; is a closed multivalued map. Indeed, if (x,y,v; w;) € GrG;, then there exists
a net {(x*, y*,v¥, w¥)}aea in GrG; such that (x*,y*,v¥, w¥) — (x,y,v;w;). One has
w¢ e Gi(x*,y*,v¥) = Hi(x*,y%) + OQ;(x*,y%,v¥). There exist uf € H;(x*,y*) and
z¥ e OQi(x*,y¥,v¥)suchthat w¢ = u¥+z¥. Let K = {x*}oenUlx}, L = {y*}aeaU{y} and
M; = {v¥}qaeaU{vi}. Then K is acompact setin X, L and M; are compactsetsin Y and Y;
respectively. By (iii); and Theorem 2.1 that Q;(K x L x M;) is acompact set. There exists
asubnet {z;*} of {z¥} such that z;* — . Since Q; is an u.s.c. multivalued map with non-
empty closed values, it follows from Theorem 2.1 that Q; is closed and ¢; € Q;(x, i, vi).
Butwf —z% = uf € H;(x*,y*) and w§ —z¢ — w; —t;. By assumption, H; is closed. We
have u; € Hi(x,y) and w; = t; + u; € H;i(x,y) + Qi(x,y,v;). Hence (x,y,v; w;) € GrG;
and G; is closed. It is easy to see that conditions (iii) and (iv) of Theorem 3.1 hold.
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Then by Theorem 3.1 that there exist X = (X;)je; € X,y = (Ji)ier € Y such that for
eachie I,x; € Ai(x,y),yi € Ti(x) and 0 € G;(x,y,vi) = Hi(x,y) + Qi(x,y,v;) for all
vi € Ti(X). O

Remark 3.1 Theorem 3.2 implies that there exists (x,y) € X x Y withx = (X)je1, y =
(»ier,such that foreachi € I,x; € Aj(x,y),y; € Ti(x)and 0 € H;(x,y)+ Q;(x,y, T;(X));

For the special case of Theorem 3.2, we establish the following existence theorems
of systems of generalized vector equilibrium problem.

Corollary 3.1 In Theorem 3.1, if conditions (iii) and (iv) are replaced by (iii)2 and (iv)2
respectively, where

(iii)y Ci: X — Z; is a closed multivalued map and Q;: X x Y x Y; — Z; is an u.s.c.
multivalued map with nonempty compact values;

(iv)y foreach (x,v;) € X x Yj, y —o Qi(x,y,v;) is concave or {0}-quasiconvex, and for
each (x,y) € X x Y, vi — Q;(x,y,v;) is {0}-quasiconvex-like and Q;(x,y,y;) N
Ci(x) # 0.

Then there exists (x,y) € X x Y withx = (Xj)ie; and y = (¥;)ie] Such that for each i € I,
Xi € Ai(x,y), yi € Ti(x) and Qi(x,y,vi) N Ci(x) # @ for all v € Ti(X).

Proof Foreachi € I,let Hi X xY — Z;be defined by H;(x,y) = —C;(x) forallx € X.
Then H; is a closed multivalued map with nonempty values. For each (x,y) € X x Y,
vi — Q;(x,y,v;) — Ci(x) is {0}-quasiconvex-like. Since Gj(x, y, y;) N C;i(x) # @ for each
x,y) e X xY,0 € —Ci(x) + Qi(x,y,y;) for each (x,y) € X x Y with y = (¥))ies.
Then by Theorem 3.2 that there exists (x,y) € X x Y, X = (X)iecr, y = Viiel,
such that for each i € I, x; € A;(x,y), yi € T;(x) and 0 € —C;(X) + Q;(x,y,v;) for all
vi € T;(x). Hence Q;(x,y,v;) N Ci(xX) # ¢ for all v; € Ti(x). m]

Following the same argument as in Corollary 3.1, we have the following Corollary.

Corollary 3.2 In Corollary 3.1, if conditions (iii); and (iv), are replaced by (iii)3 and
(iv)3, respectively, where

(iii)3 Ci: X —o Z; is a multivalued map such that intC;(x) is nonempty for each x € X
and Wi: X — Z; defined by Wi(x) = Z; \ (—intC;(x)) is an u.s.c. multivalued
map;

(iv)3 Qi: X x Y x Y; — Z; is an u.s.c. multivalued map with nonempty compact
values. For each (x,v;) € X x Y, y — Qi(x,y,v;) is concave or {0}-quasicon-
vex, and for each (x,y) € X x Y, vi — Qi(x,y,v;) is {0}-quasiconvex-like and
Qi(x,y,yi) € —intCi(x), where y = (yi).iel.

Then there exists (x,y) € X x Y with X = (X;)ic; and y = (V;)ie1 Such that for each

i€l x; € Aix,y), yi € Ti(x) and Q;(x,y,v;) ¢ —intCi(x) for all v; € T;(%).

Proof Tt follows from Theorem 3.2 that there exists (x,y) € X x Y, X = (Xj)ier,
y = (¥i)ies such that foreachi € I,x; € A;j(x,y),y; € T;(x) and0 € —W;(X)+Q;(x,y,v;)
for all v; € T;(x). From this, we obtain Q;(%,y,v;) ¢ —intC;(%) for all v; € T;(%). o

Remark 3.2

(i) In Corollaries 3.1 and 3.2, we do not assume that C;(x) is a convex cone for each
xeX.
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(ii) Corollary 3.1 is true if the condition “for each (x,y) € X x Y, v; — Q;(x,y,v;) is
0-quasiconvex-like” is replaced by “for each (x,y) € X x Y, v; — Q;(x,y,v;) is
Ci(x)-quasiconvex-like and C;(x) is a nonempty convex cone.”

Proof Let Gi(x,y,v;) = —Ci(x) + Qi(x,y,v;). Let v,(-l), vl(z) € Y;and A € (0,1). By
assumption, either

Qix,y, Y + (1 = 2v?) € Qitx,y,vi") = Ci).
or

Qix,y, Y + (1 = 2v?) € Qitx,y,v?) — Ci).
Since C;(x) is a convex cone, either

Gi(x,y, kv,m +1- )L)vl(z)) = Qi(x,y,kvl(l) +1- A)vl(z)) — Ci(x)
< Qix,y,vi") = Civ) = Gi@) = Qi(x,y,v{") = Ci(w)
= Gi(x,y, vl(l)).
or

Gitx,y, v + (1= ) = i, y, vV + (1 = vf?) = Cilx)
< Qi(x,y,v?) = Gi(x) = Gi(x,y,v?).

This shows that for each (x,y;) € X x Y}, vi — Gi(x,y,v;) is 0-quasiconvex-like. Then
by Theorem 3.1, Corollary 3.1 is true if the condition “for each (x,y;) € X x Y,
vi — Q;(x,y,v;) is 0-quasiconvex-like” is replaced by “C;(x) is a convex cone and
vi —o Qi(x,y,v;) is C;j(x)-quasiconvex-like.”

Remark 3.3 Theorem 3.2 is true if conditions (iii); and (iv); are replaced by (iii)4 and
(iv)4, respectively, where

(iii)s Hi: X x Y — Z; is a continuous function and Q;: X x Y x Y; —o Z; is an u.s.c.
multivalued map with nonempty compact values;

(iv)4 for each (x,v;) € X x Y;, y — Hj(x,y) and y — Q;(x,y,v;) are concave or
{0}-quasiconvex, and for each (x,y) € X x Y, v; — Q;(x,y,v;) is {0}-quasicon-
vex-like and 0 € H;(x,y) + Qi(x,y, ).

Corollary 3.3 In Theorem 3.1, if conditions (iii) and (iv) are replaced by (iii)s and (iv)s,
respectively, where

(iil)s Q;, Pi: X x Y x Y; —o Z; are u.s.c. multivalued map with nonempty compact
values;

(iv)s for each (x,v;) € X x Yi, y —o Pi(x,y,Vv;) and y; — Qi(x,y,v;) are concave or
{0}-quasiconvex; for each (x,y) € X x Y;, vi — Qi(x,y,v;) is {0}-quasiconvex-like
and 0 € Pi(x,y, Ti(x) + Qi(x, y, yi).

Then there exists (X,y) € X x Y withx = (X;j)ic; and y = (¥;)ic] such that for each i € I,
Xi € Ai(x,y), ¥i € Ti(x) and 0 € Pi(x,y,w;) + Qi(X,y,v;) for all v; € T;(x) and for all
w; € Ti(X).
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Proof Foreachi e I,let H: X xY — Z; be defined by H;(x,y) = Pi(x,y, T;(x)). Since
both 7; and P; are u.s.c. multivalued maps with nonempty compact values, it follows
from Theorem 2.4 that H;: X x Y — Z; is an u.s.c. multivalued map with nonempty
compact values. Again, by Theorem 2.1 that H;: X x Y — Z; is a closed multivalued
map. Then Corollary 3.3 follows from Theorem 3.2. O

Theorem 3.3 In Theorem 3.1, if condition (i) is replaced by (i'), where

i) Si: X — Xjis a compact continuous multivalued map with nonempty closed
convex values.

And we assume further that

V) Fi: X x Y x X; —o Z; is a closed multivalued map with nonempty values and for
each (y,u;) € Y x X;, w — F;(w,y,u;) is concave or {0}-quasiconvex;

(vi) foreach (x,y) € X x Y, u; — Fi(x,y,u;) is {0}-quasiconvex-like and 0 € Fi(x,y,x;)
for x = (X)ier.

Then there exists (x,y) € X x Y with X = (X;)je; and y = (V;)ie1 such that for each
iel xi e Six),y € Tix), 0 € Fi(x,y,u;) for all u; € S;(x) and 0 € Gi(x,y,v;) for all
Vi € T,'(i).

Proof Foreachie I,let Ai X x Y — X; be defined by
Ai(x,y) = {w; € Si(x) : 0 € F;(w,y,u;) for all u; € S;j(x), for w = W))ier}-

Then we follow the same argument as in Theorem 3.1, we can prove that A;:
X xY — Xjis acompact u.s.c. multivalued map with nonempty closed convex values.
Then it follows from Theorem 3.1 that there exists (¥,y) € X x Y with X = (X;);e; and
¥ = (¥1)ies such that for eachi € I, x; € A;(x,¥), yi € Ti(x) and 0 € G;(x,y,v;) for all
v; € T;j(x). Therefore x; € S;(x), 0 € F;(x,y,u;) for all u; € §;(%). ]

For the another special cases of Theorem 3.2, we have the following Corollaries.

Corollary 3.4 In Theorem 3.1, if conditions (iii) and (iv) are replaced by (iii)g and (iv)g,
respectively, where

(ii)g Qi : X x Y x Y; — X is an u.s.c. multivalued map with nonempty compact
values;

(iv)e foreach (x,v;) € X x Y;, y —o Qi(x,y,v;) is concave or {0}-quasiconvex, and for
each (x,y) € X x Y, v; — Qj(x,y,v;) is {0}-quasiconvex-like and x € Q;(x,y, y;).

Then there exists (x,y) € X x Y withx = (X;)ie; and y = (¥;)ie] Such that for each i € I,
X € Ai(x,y), yi € Ti(x) and x € Qj(x,y,v;) for all v; € T;(X).

Proof For each i € I,let H; : X x Y — X; be defined by H;(x,y) = {—x} for all
(x,¥) € X x Y. Then H; is a closed multivalued map with nonempty convex values
and Corollary 3.4 follows from Theorem 3.2. O

The following Corollary is an existence theorem of systems of variational equations.

Corollary 3.5 In Theorem 3.1 and Remark 3.1, if conditions (iii) and (iv) are replaced
by (iii)7 and (iv)7, respectively, where

(iii)7 Gi: X x Y x Y; — Z; is a continuous function and for each (x,v;) € X x Yj,
y — Gi(x,y,v;) is concave or {0}-quasiconvex;
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@iv)7 foreach (x,y) € X x Y, vi — Gj(x,y,v;) is {0}-quasiconvex and Gi(x,y,y;) =0,
where y = (yi)iel-

Then there exists (x,y) € X x Y withx = (X;j)ic; and y = (¥;)ie] Such that for each i € I,
X € Ai(x,y), yi € Ti(x) and 0 = G;(x,y,v;) for all v; € T;(x).

Corollary 3.6 In Theorem 3.1, suppose conditions (i) and (ii) and suppose that

(a) Wi is the dual space of Wi, B X — W¥ 0 Y xY; = Y,
(b) For each (x,v;) € X x Y;, y — n(y,v;) is affine, for each (x,y) € X x Y, v;i —
(Bi(x),ni(y,vi)) is {0}-quasiconvex and n(y,y;) = 0 for all y = (yiier-

Then there exist X = (X;)ic; € X, Yy = (Vi)iel € Y such that for eachi € I, x; € A;(X,Y),
yi € Ti(x) and (Bi(x),ni(y,vi)) = 0 for all v; € T;(x).

Proof Let Hi(x,y) = (—00,0] and Q;(x,y,v;) = (Bi(x),ni;(y,v;)). Then Corollary 3.8
follows from Theorem 3.2. O

4 Systems of simultaneous equilibrium problems

As applications of Theorem 3.3, we have the following systems of simultaneous equi-
librium problems.

Theorem 4.1 Letl, X;, X, Y, Y, E;, Viand Z; be the same as in Theorem 3.1. For each
i € I, suppose that

(i) Si: X — X; is a compact continuous multivalued map with nonempty closed

convex values;

(i) Ti: X — Y; is a compact continuous multivalued map with nonempty closed
convex values;

(iii) Ci X —o Zjand D; : X — Z; are closed multivalued maps with nonempty values;

(iv) Gi X xY x Y; — Z; is an u.s.c. multivalued map with nonempty compact values
and Gi(x,y,y;)) N Di(x) # @ and Fi: X x Y x X; —o Z; is an u.s.c. multivalued map
with nonempty compact values and F;(x,y,x;)NC;(x) # 0 foreachx = (xj)ics € X,
y=iier €Y;

(v) foreach (x,v;) € X x Y; y — Gj(x,y,v;) is concave or {0}-quasiconvex, for each
(y,uj) € Y x Xj, w — Fi(w,y,u;) is concave or {0}-quasiconvex;

(vi) for each (x,y) € X x Y, vi — Gj(x,y,v;) and u; — Fj(x,y,u;) are {0}-quasicon-
vex-like.

Then there exists (X,y) € X x Y such that x; € S;(x), y; € Ti(x), Fi(xX,y,u;) N Ci(X) £ ¢
and Gi(x,y,v;) N Di(x) # @ for all u; € S;(x), vi € Ti(x) and all i € I.

Proof As in Theorem 3.2, we see (x,y,u;) — —Ci(x) + F;j(x,y,u;) and (x,y,v;) —o
—D;(x)+Gi(x,y,v;) are closed multivalued maps. Then by Theorem 3.3 that there exist
X = (Xp)ier € X,y = (iier € Ysuchthatk; € S;(x),y; € T;(%),0 € —C;(xX)+Fi(X,y,u;),
and 0 € —D;(x) + Gi(x,y,v;) for all u; € S;(x), v; € T;(x) and all i € I. Therefore,
Fi(x,y,ui) N Ci(x) # @ and Gi(x,y,v;) N Di(x) # @ for all u; € S;(x), v; € T;(x) and all
iel O

Following the same arguments as in Theorem 4.1, we have the following theorems.
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Theorem 4.2 In Theorem 4.1, if condition (iii) and (iv) are replaced by (iii") and (iV'),
respectively, where

(iii") Ci: X —o Z; is a multivalued map such that intC;(x) is nonempty for each x € X,
Wit X — Ziwith Wi(x):= Z;\ (—intC;(x)) and Dz X — Z; are closed multivalued
maps with nonempty values;

(iv) G X xY xY; — Ziand Fi: X x Y x X; — Z; are w.s.c. multivalued maps with
nonempty compact values and Gi(x,y,y;)N\D;(x) # @ and F;(x,y,x;) ¢ —intC;(x)
foreachx = (xj)icr € X, y = (Yi)ic1 € Y.

Then there exists X = (Xi)ic; € X, ¥y = (Vi)ier € Y such that x; € Si(x), y; € Ti(x),
Fi(x,y,u;) ¢ —intC;(x) and G;(x,y,v;) N D;(x) # @ for all u; € S;(X), v; € T;(X) and all
iel

Theorem 4.3 In Theorem 4.1, if condition (iii) and (iv) are replaced by (iii") and (iv'),
respectively, where

(iil") Dy X —o Z; is a multivalued map such that intD;(x) is nonempty for each x € X,
x —o Zi\(—intD;(x)) and Ci: X — Z; are closed multivalued maps with nonempty
values;

(V) Gi X x Y xY;— Ziand Fi: X x Y x X; — Z; are u.s.c. multivalued maps with
nonempty compact values and Gi(x,y,y;) ¢ —intD;(x) and F;(x,y,x))NC;i(x) #
foreachx = (xp)ic; € X,y = (Ydier € Y.

Then there exists X = (X;)ic; € X, ¥y = (Vi)ier € Y such that x; € S;(x), y; € T;(X) and
Fi(&,y,u)) N Ci(x) # P and Gi(x,,v;) € —intD;(X) for all u; € S;(X), v; € T;(X) and all
iel

Theorem 4.4 In Theorem 4.1, if condition (iii) and (iv) are replaced by (iii") and (iv'),
respectively, where

(iii") Cj, Dj: X —o Z; are multivalued maps such that intC;(x) # ¢ and intD;(x) for each
x € X, x — Z;\ (—intCi(x)) and x — Z; \ (—intD;(x)) are closed multivalued
maps;

(V) Gi: X xY xY;i — Ziand F; : X x Y x X; — Z; are u.s.c. multivalued maps
with nonempty compact values and Gi(x,y,y;) ¢ —intD;(x) and F;(x,y,x;) ¢
—intC;(x) for each x = (xj)ic; € X, ¥y = (yi)ie1 € Y.

Then there exists X = (X;)ic; € X, ¥ = (Vi)ier € Y such that x; € S;(x), y; € T;(xX) and
Fi(x,y,u;)) ¢ —intCi(x) and Gi(X,y,v;) € —intD;(x) for all u; € S;(x), v; € T;(x) and
allie I

Remark 4.1 If we put F; = O for alli € I or G; = 0 for all i € I, then we obtain
existence theorems of generalized vector quasiequilibrium problems.

5 Applications to optimization theory

In this section, we first establish the existence theorem of mathematical program with
systems of variational inclusion constraints. From this result, we establish the existence
theorems of mathematical programming with systems of equilibrium constraints, sys-
tems of bilevel problems and semi-infinite problems.
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Theorem 5.1 In Theorem 3.1. If X and Y are closed sets and condition (i) is replaced
by
(i) §: X — Xjis a compact u.s.c. multivalued map with nonempty closed convex
values;

and we suppose further that

) Ci: X — Z; is a closed multivalued map such that for each x € X, Ci(x) is a

nonempty convex cone;

i) Fi: X x Y —o Z; is a Ls.c. multivalued map with nonempty values and for each
x € X,y —o Fi(x,y) is Ci(x)-quasiconcave-like;

(vil) foreachx € X andy €Y, there exists u; € S;(x) such that F;(u,y) € C;(x), where
u = (Ujier-

If h: X x Y — Zy is an u.s.c. multivalued map with nonempty compact values, where

Zy is a real t.v.s. ordered by a proper closed cone D in Zy, then there exists an solution

to the problem:

I(niI}h(X,Y),x = (X)iel,y = (Vi)ier Such that for each i € I,x; € Si(x),
Xy

yvi € Ti(x), Fi(x,y) € Ci(x) and 0 € Gi(x,y,v;) forall v; € T;(x).
Proof Foreachiel,let A; X x Y —o X; be defined by
Ai(x,y) = {u; € Si(x): Fi(u,y) € Ci(x)}.

By assumption, A;(x, y) is nonempty for each x € X andy € Y. A; is closed. Indeed, if
(x,y,u;) € GrA;, then there exists a net {(x*, y*,u{)} in GrA; such that (x*, y*, uf") —
(x,y,ui). Letu® = (u¥)jcrandu = (u;)je;. One hasuf € §;(x*) and F;(u®,y*) € C;(x*).
By assumption and Theorem 2.1 that §; is closed and u; € S;(x). Let z; € Fi(u,y).
Since F; is Ls.c., there exists a net z¥ € F;(u®,y*) such that z¥ — z;. We see that
z¥ € Ci(x*). By assumption, C; is closed, z; € C;(x). Hence F;(x,y) € C;(x). Therefore
(x,y,u;) € GrA; and GrA; is closed. This shows that A; is closed. It is easy to see
that A;(x,y) is a closed set for eachx € X andy € Y. Since A;(X x Y) C S;(X) and
Si(X) is compact, it follows from Theorem 2.1 that A;: X x Y — X; is a compact
u.s.c. multivalued map with nonempty closed values. A;(x, y) is convex for each x € X,
y e Yandi e I.Indeed, letu}, u? € A;(x,y), 1 € (0,1),u! = (u})ics, u> = (U})ics, then

127

ul, u? e Si(x), Fi(u! ,¥) C Ci(x) and Fi(uz,y) C Ci(x). By assumption, either

1>

FiGu! + (1 = 0P, y) € Fi,y) + Ci(x) € Ci(x) + Cix) € Gi(x)
or
Fiow! + (1 = 0P, y) € F?,y) + Ci(x) € Gi(x).

Since S;(x) is convex for each x € X, Aul + (1 — Mu? € S;(x) and Au} + (1 — Mu? e
Aj(x,y) for each (x,y) € X x Y. Therefore A;: X x Y — X; is a compact u.s.c. mul-
tivalued map with nonempty closed convex values. Then by Theorem 3.1 that there
exists (X,y) € X x Y, X = (Xiie1, ¥y = (Ji)ies such that for each i € I, x; € A;(x,y),
yi € Ti(x) and 0 € Gi(x,y,v;) for all v; € T;(x). Hence there exists (¥,y) € X x Y,
X = (Xpiel, y = (Vi)ier such that for each i € I, x; € S;(%), y; € Ti(x), Fi(x,y) € Ci(xX)
and 0 € Gj(x,y,v;) for all v; € T;(x). For eachi € I, let

M;={(x,y) €e X xY :x = (Xier,y = (Yi)iel,Xi € Si(x),y; € Ti(x),
Fi(x,y) € Ci(x) and 0 € Gj(x,y,v;) for all v; € T;(x)}
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and M = NjeyM;. Then (x,y) € M and M # (. We see that
Mi={(x,y) € X x Yix = (xi)je,y = (Yi)iel,Xi € Si(x), Fi(x,y) € Ci(x) and y; € Hi(x)},

where H;is defined asin Theorem 3.1. M; is closed for eachi € I. Indeed, if (x, y) € M;,
then there exists a net {(x*, y*)} in M; such that (x*,y*) — (x,y). Letx* = (x¥);er and
y* = (¥))ier- One has x¥ € S;(x¥), F;(x*,y%) € C;i(x*) and y¥ € H;(x*). Since S; is
u.s.c. multivalued map with nonempty closed values, S; is closed. We see in Theorem
3.1 that H; is closed. Let x = (x;);er and y = (y;)ies- Since x and Y are closed sets,
(x,¥) € X x Y. We also have x; € S;(x) and y; € H;(x). We prove F;(x,y) € C;(x) in
the first part of this theorem. Therefore (x,y) € M; and M, is closed for each i € I.
Hence M = NjeM; is closed. Note that

e[y

iel iel

By assumption, S;(X) and 7;(X) are compact, it follows from Lemma 3 [12 ] that
[Hiel Si(X)] X [Hiel T,-(X)] is compact. Therefore M is compact. Since s : X x Y —o
Zy is an u.s.c. multivalued map with nonempty compact values, it follows from Theo-

rem 2.1 that #(M) is compact. Then by Lemma 2.2 that minp A(M) # @. That is there
exists a solution to the problem:

Enil}h(x,y),x = (xi)iel,Y = (yi)ier such that for each i € I,x; € S;(x),
X,y
vi € Ti(x), Fi(x,y) € Ci(x) and 0 € Gi(x,y,v;) forallv; € T;(x). O

Theorem 5.2 In Theorem 5.1, if we assume that h: X x Y — R is an Ls.c. function,
then there exists a solution to the problem:

mingyy A(x,y), X = (X)ier, ¥y = (Viiel, Such that foreachi € I, x; € S;i(x), yi € Ti(x),
Fi(x,y) € Ci(x) and 0 € G(x,y,v;) forall v; € T;(x).

Proof Since h : X x Y — Ris ls.c. and M is compact, there exists (x,y) € M such
that 4(x,y) = min h(M). This completes the proof. m}

If we assume further conditions on Theorem 5.1, we have the following existence
theorems of mathematical program with system of equilibrium constraints.

Theorem 5.3 Let X, Y, conditions ('), (v), (Vi) and (vii) be the same as in Theorem
5.1, if we assume further that

(vili) Dj: X — Z; is a closed multivalued map and Gi: X x Y x Y; —o Z; is an u.s.c.
multivalued map with nonempty compact values;

(viiil) for each (x,v;) € X x Y; y — Gj(x,y,v;) is concave or {0}-quasiconvex,
and for each (x,y) € X x Y, vi — Gi(x,y,v;) is {0}-quasiconvex-like and
Gi(x,y,yi) N Di(x) # @, where y = (yi)iel-

(x) Tt X — Y;is a compact continuous multivalued map with nonempty closed
convex values.

Then there exists a solution to the problem:
mingy,y) A(x,y), X = (Xier, ¥ = (Viier such that for each i € I, x; € S;(x), y; € Ti(x),
Fi(x,y) € Ci(x) and Gi(x,y,v;) N Di(x) # @ for all v; € T;(x).
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Proof Let A;be defined asin Theorem 5.1. We show in Theorem 5.1 that A; : X xY —o
X;is compact u.s.c. multivalued map with compact values. It follows from Corollary 3.1
and Theorem 5.1 that there exists (x,y) € X x Y with X = (X;);e; and y = (¥;);es such
that for each i € I, x; € S;(%), y; € Ti(%), Fi(x,y) € Ci(x) and G;(x,y,v;)) N D;(X) # ¥
for all v; € T;(x). For eachi € I, let

M; = {(x,y) € X x Y :x = (Xi)ier,y = (Vdiel, Xi € Si(x),y; € Ti(x),
Fi(x,y) € Ci(x) and Gj(x,y,v;) N Di(x) # ¥ for all v; € T;(x)}.

M; s closed for each i € I. Indeed, if (x, y) € M;, then there exists a net {(x%, y*)}qen in
M; such that (x*,y*) — (x,y). Letx* = (x{)jes and y* = (y¥);er. One has x{ € S;(x%),
y¢ e Ti(x®), Fi(x*,y%) € Ci(x*) and G;(x%,y*,v;) N D;(x*) # ¢ for all v; € T;(x*).
Let v; € Tj(x), then there exists a net {v{}yen, V§ € T;(x%) for all & € A such that
v¢ — v Letuf € G;(x*,y*,v{) N D;(x*). Then u¥ € G;(x*,y*,v{) and u¥ € D;(x%).
LetA={x":1aec AJU{x},B={" 10 A},L={%:a e A}U{v;}. Then A, B, C
are compact sets.

Since Gj is an u.s.c. multivalued map with nonempty compact values, it follows
from Theorem 2.1, Gi(A x B x C) is a compact set and {u¢} has s subnet {¢*} in
Gi(AxBxBxC)suchthatuf* — u;. By Theorem2.1, G;isclosed, and u; € G;(x,y, v;).
By assumption, D; is closed and u; € D;(x). As before, we see thatx; € S;(x),y; € T;(x)
and Fj(x,y) € Ci(x). This shows that M; is a closed set. Let M = Nc;M;. Then we
follow the same argument as in Theorem 5.1, we can prove Theorem 5.3. ]

Following the same argument as in Theorem 5.3, we have the following theorem.

Theorem 5.4 In Theorem 5.3, if conditions (viii) and (viiii) are replaced by (iii’) and
(ix"), respectively, where

(viii") Dj: X — Z; is a multivalued map such that int D;(x) # @ for each x € X
and W; : X — Z; which is defined by Wi(x) = Z; \ (—intD;(x)) is a closed
multivalued map and Gi: X x Y x Y; —o Z; is an u.s.c. multivalued map with
nonempty compact values;

(ix) for each (x,vi) € X x Y, y — Gj(x,y,v;) is concave or {0}-quasiconvex and
foreach (x,y) € X x Y, vi — Gj(x,y,v;) is {0}-quasiconvex-like and

Gi(x,y,y;) ¢ —intD;(x), wherey = (¥iiel-

Then there exists a solution to the problem:

mingyy h(x,y), X = (Xiier, ¥ = (Yi)ier such that for eachi € I, x; € S;(x), y; € T;(x),
Fi(x,y) € Ci(x) and Gi(x,y,v;) € —int D;(x) for all v; € T;(x).
If Z; =R for all i € I, we have the following theorem.

Theorem 5.5 Leth : X x Y — R be a Ls.c. function. In Theorem 3.1, if we assume
condition (i) is replaced by ('), and conditions (ii) and (iii) are replaced by (iv)9, where

(') S;i: X — X;is a compact u.s.c. multivalued map with nonempty closed convex
values;

(iv)g G;: X x Y x Y; —o R is a continuous multivalued map with nonempty compact
values such that for each (x,v;) € X x Y;, y — Gj(x,y,v;) is concave or {0}-quasi-
convex and for each (x,y) € X x Y, vi — G;(x,y,v;) is RT-quasiconvex-like and
Gi(x,y,y) NRT #
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Suppose further that (iii)g Fi: X x Y — R is a Ls.c. multivalued map with nonempty
values and for each x € X, y — Fi(x,y) is Ry-quasiconcave-like.
Then there exists a solution to the problem:

I(nil}h(x,y),x = (X))iel, Y = (¥Vi)iel Such that for eachi € I,
x.y
x; € Si(x),y;i € Ti(x), Fi(x,y) C RY and Gi(x,y,vi))N RY # @ for all vi € Ti(x).

Proof If we let Ci(x) = RT and D;(x) = R* for all x € X and for all i € I. It is easy to
see that if for each (x,y) € X x Y, v; — Gi(x,y,v;) is RT-quasiconvex-like, then for
each (x,y) € X x Y,v; — —R* + G;(x,y,v;) is {0}-quasiconvex-like. We also see that

Gi(x,y,y) NRT # 0 & 0 € —R" + Gi(x,y,yi).

We follow the first part of Theorem 5.3 that there exists (x,y) € X x Y, X = (X;)jer,
¥ = (Vi)ies such that for eachi € 1,x; € S;(%),y; € T;(%), Fi(x,y) € Rt and G;(%, y,v;)N
RT £ @ for all v; € T;(x). For each i € I, let

M; = {(x,y) € X x Y :x = (Xiier,y = (Vdiel, Xi € Si(x),y; € Ti(x),
Fi(x,y) € R" and G;(x,y,v;)) N\R' £ @ for all v; € T;(x)}

and M = NjerM,;. Then M is compact. Since 4 is 1.s.c. on M, there exists (X,y) € X x Y
such that 4(x, y) = min A(M). Theorem 5.5 follows. O

Corollary 5.1 In Theorem 5.5, if conditions (iii)9 and (iv)9 are replaced by (iii)1o and
(iv)10, respectively, where

(iii)19 Fi: X x Y — R is a continuous function such that for each x; € X;, y — Fi(x,y)
is quasiconcave;

(iv)19 Gi: X xY x Y; — Ris a continuous function such that for each (x,v;) € X x Yj,
v = Gi(x,y,v;) is affine or {0}-quasiconvex and for each (x,y) € X x Y, v;i >
Gi(x,y,v;) is quasiconvex and Gi(x,y,y;) > 0.

Then there exists a solution to the problem:
{nir}h(x,y),x = (x))iel,Y = (YVi)ier Such that for each i € I,x; € S;(x),
X,y
vi € Ti(x),Fi(x,y) =0 and Gi(x,y,vi) >0 forallv; € T;(x).

For another special case of Corollary 5.1, we have the following existence theorem
of bilevel problem.

Corollary 5.2 In Corollary 5.1, if condition (iv)g is replaced by (a), where

(a) Q;: X xY;— Risa continuous function such that for each x € X, y; — Q;(x,y;)
is affine or {0}-quasiconvex.

Then there exists a solution to the problem:
I(nir)lh(x,y),x = (x))iel,Y = (¥iier Such that for each i € I,x; € S;(x),
xy

vi € Ti(x), Fi(x,y) > 0 and y; is a solution to the problem: an? | Qi(x,v)).
vieli(x
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Proof Let Gj(x,y,vi) = Qi(x,v;) — Qi(x,y;) for all i € I and for y = (yi)ies- By
assumption, for each x € X, v; — Q;(x,v;) is affine or {0}-quasiconvex, it is easy to
see that for each (x,v;) € X x Y,y = Gi(x,y,v,) is affine or {0}-quasiconvex and for
each (x,y) € X x Y, v; — Gj(x,y,v;) is quasiconvex. Then by Corollary 5.1 that there
exists a solution to the problem:

mingyy) A(X,y),x = (Xj)ier,y = (Vi)ier,suchthatforeachi € I,x; € Si(x),y; € Ti(x),
Fi(x,y) > 0 and Gj(x,y,v;) > 0 for all v; € T;(x).

That is, y; is a solution to the problem: miny,c7;x) Qi(x, vi). O

Remark 5.1 In Corollary 5.2, if we assume further that Q;(x,y;) > 0 for x = (x;)jer,
y = (¥i)ier With x; € S;(x) and y; € T;(x), then there exists a solution to the semi-infi-
nite problem with systems of equilibrium constraints:

{nir;h(x,y),x = (xi)iel,Y = (¥dier such that for each i € I,x; € S;(x),
x,y

vi € Ti(x), Fi(x,y) > 0 and Q;(x,v;) > 0 for all v; € T;(x).
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