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Abstract In this paper, we introduce systems of vector quasi-equilibrium problems
and prove the existence of their solutions. As applications of our results, we derive the
existence theorems for solution of system of vector quasi-saddle point problem, the
existences theorems of a solution of system of generalized quasi-minimax inequali-
ties, the mathematical program with equilibrium constraint, semi-infinite and bilevel
problems.
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1 Introduction

Let X be a convex subset of a real topological vector space E (in short t.v.s.) and
f: X x X — R be a given function with f(x,x) > 0 for all x € X. By equilibrium
problem, Blum and Oettli [8] understood the problem of finding ¥ € X such that
f(x,y) = O for all y € X. This problem contains optimization problems, Nash type
equilibria problems, complementary problems, variational inequality problems and
fixed point problems as special case.

In the recent past, systems of scalar (vector) equilibrium problems and scalar (vec-
tor) generalized equilibrium problems, systems of scalar (vector) quasi-equilibrium
problems and scalar (vector) generalized quasi-equilibrium problems are used as tools
to solve Nash equilibrium (for vector-valued functions) and Debreu type equilibrium
problem (for vector-valued functions), system of optimization problems, system of
mixed variational inequalities problems, system of saddle point problems and collec-
tive fixed point problems (see, e.g. [2-6, 10-12] and references therein.).
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The study of equilibrium problem is a new direction for the researchers (see,
e.g. [2,12,13,18] and references therein). There are many generalizations of this
problems.

Let I be any index set. For each i € I, let X; and Y; be nonempty convex subsets of
locally convex topological vector space D; and E;, respectively, and Z;, L be two real

tvs. Let X = H,EI Xiand Y = HAE[ Y. Leth:X x Y — L be a multivalued map.
1 1

Foreachi € I,let C;: X; — Z; be a multivalued map such that C;(x;) is a convex cone
forallx; € X;.Foreachiel,letS;: X xY — X;,Ti: X - Y, fi: XixYixX; — Z;
and g;: X; x Y; x Y; — Z; be multivalued maps. We consider the following problems
of system of generalized vector quasi-equilibrium problems:

Find (x,y) € X x Y such that for eachi € I, x; € S;(x,y), yi € T;(X), such that one
of the following relations hold:

(1) g, yi,vi) C Ci(x;) for all v; € Ti(X).

() gGEnyinv)NCi(x) #¥ for allv; € Ti(X).

3)  gi(xi,yi,vi) N —intCi(x;) = @ for all v; € T;(x;).
4 g, yi,vi) ¢ —IntCi(x;) for allv; € Ti(x).

As application of our results, we establish of the following four types of system of
simultaneous generalized vector quasi-equilibrium problems:

(5) Find (x,y) € X x Y such that for each i € I, X; € S;(x,¥), yi € Ti(x),
fiGi,yi,ui) € Ci(x;)  for allu; € Si(x,y)
and
gi(Xi, yi,vi) C Ci(x;) for allv; € T;(%).
(6) Find (x,y) € X x Y such that for each i € I, x; € Si(x,y), yi € T;(x),
fixi, yi,uj) N Ci(xj) @ for ally; € Si(x,y)
and
gi(xi, yi,viy N Ci(x;) # 0 for allv; € Ti(X).
(7)  Find (x,y) € X x Y such that for each i € I, x; € Si(x,y), yi € T;(x),
fi(xi, yi,u)) N —intCi(x;) =¥ for all y; € Si(x,y)
and
gi(xi, yi,vi) N —intC;(x;) = @ for all v; € T;(x;).
(8) Find (x,y) € X x Y such that for each i € I, x; € Si(x,y), yi € Ti(x),
fiGi, yi,ui) ¢ —intC;(x;) for all u; € Si(x,y)
and
8i(xi, yi,vi) € —intCi(x;) for all v; € T;(x).
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We derive several existence results for solutions of above mentioned problems
and other similar problems. As applications in Sect. 4, we can obtain the systems of
quasi-saddle point problem (in short, SVQSPP):

(SVQSPP): find x = (Xj)jer € X and ¥y = (3))iesr € Y such that for eachi € I, x; €
Si(x,y),yi € Ti(%),

0i(x;,¥i) — oXi, yi) € Ci(x;) forallx; € 8;(%,y)
and
@i(Xi, yi) — ¢i(xi,yi) € Ci(x;)  for ally; € Ti(x).

For each i € I, let f; be a real-valued map. We also consider the following system
of quasi-minimax problem:

Find X = (Xj)ic; € X and y = (3))ie; € Y with X; € S;(x,y) and y; € Ti(X) such that

utestl(rjlcy) Vzrg%t)? )ﬁ(ul, Vl) o ﬁ(x“yl) - VIGTI(X) l‘tén&l({lvy)ﬁ(ul’ Vl)
Our approach are different from Lin [10] and Ansari et al. [2]. Moreover, in Sect. 5,

we use the existence of the problems in Sect. 3 to study the mathematical programs
with equilibrium constraint, semi-infinite and bilevel problems as following:

(MI)  Min A(K), where K = {(x,y) € X x Y | foreach i € I, x; € Si(x,y),
vi € Ti(x),8i(xi,yi) € Ci(x;), and fi(x;, yi,u;) € Ci(x;) for all u; € S;(x,y)}.

(MII)  Min A(K), where K = {(x,y) € X x Y | foreach i € I, x; € Si(x,y),
vi € T;i(x), fi(x;,yi) € Ci(x;), and g;(x;,yi,vi) € Ci(x;) for all v; € T;(x)}.

(MIII)  Min A(K), where K = {(x,y) € X x Y | foreach i € I, x; € Si(x,y),
yi € Ti(x),g8i(x;,yi) € —intCi(x;), and f;(x;,y;,u;) € —intCi(x;) for all
u; € Si(x,y)}.

(MIV)  Min A(K), where K = {(x,y) € X x Y | foreach i € I, x; € Si(x,y),
yi € Ti(x),fi(xi,y) ¢ —intCi(x;), and g;(x;,yi,vi) € —intCi(x;) for all
vi € Ti(x)}.

(MV)  Min h(K), where K = {(x,y) € X x Y | foreach i € I, x; € Si(x,y),
vi € Ti(x),8i(xi,yi) S Ci(x;), and ¢;(x;,u;) € Ci(xy)for all u; € Si(x,y)}.

(MVI) Min Ah(K), where K = {(x,y) € X x Y | foreach i € I, x; € Si(x,y),
yvi € Ti(x),gi(x;,y;) ¢ —intCi(x;), and ¢;(x;,u;) ¢ —intC;(x;) for all
u; € Si(x, y)}.

If Z; = R, Ci(x;) = [0,00), h,fi,gi are single valued functions. (MI) and (MIII) will
reduce to the following problem:

Min h(K), where K = {(x,y) € X x Y | foreach i € I, x; € Si(x,y), yi
Ti(x), gi(x;,yi) = 0, and f;(x;, yi,u;) > 0 for all u; € S;(x,y)}.

(MII) and (MIV) will reduced to the following problem: Min A (K), where K =
{(x,y) e XxY |foreach i €I, x; € Si(x,y), vi € Ti(x),fi(x;,y;) > 0, and g;(x;, y;, Vi) >
0 for all v; € Ti(x)}.

(MV) and (MVI) will reduce to the following problem:

Min A(K), where K = {(x,y) € X x Y | foreach i € I, x; € Si(x,y), yi € T;(x),
gi(xi,yi) > 0, and ¢;(x;,u;) > 0 for all u; € S;(x,y)}.

For the special case of our results, we also study the bilevel problem:

Min h(K), where K = {(x,y) € X x Y | foreach i € I, x; € Si(x,y), yi € Ti(x),
filxi,yi) = 0, @;(xi, yi) < @;(x;,v;) for all v; € T;(x)}.

Recently Luo et al. [16], Lin and Still [14] and Lin [12] and references therein

studied the mathematical program with equilibrium constraint problem, semi-infinite

m
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problem and bilevel problem, but our results and approach are different from [12,
14, 16]. In this paper, we study the existence theorems of various types of mathemat-
ical program with equilibrium constraint and semi-infinite problems with system of
generalized vector quasi-equilibrium constraint.

2 Preliminaries

Let X and Y be nonempty subsets of a topological space E. We denote by 2% the fam-
ily of all subsets of the set X. A multivalued map F: X — Y is a function from X into
2Y. Let X and Y be topological spaces and 7: X — Y be a multivalued map. We call
that T is upper semicontinuous (in short u.s.c.) (resp. lower semicontinuous, in short
l.s.c.) at x € X if for every open set V containing 7'(x) (resp. T'(x) (| V # #), there is
an open set U containing x such that 7(u) € V (resp. Tw) NV # @) forallu € U; T
is w.s.c.(resp. L.s.c.) on X if 7 is u.s.c. (resp. l.s.c.) at every point of X; T is continuous
at x if 7 is both u.s.c. and ls.c. at x; T is closed if GrT={(x,y) e X x Y |y € T(x)} is
closed in X x Y; T is compact if there exists a compact set K such that 7(X) C K.

Throughout this paper, all topological spaces are assumed to be Hausdorff. The
following definitions and theorems are need in this paper.

Definition 2.1 Let X and Y be convex subset of a topological vector space. Let g:
XxY —oZ h:X — Zand C:X — Z be multivalued maps. # is said to be convex
(resp. concave) if forallxy,x; € X, A € [0,1],g(0x1+(1—21)x2) € Ag(x)+(1—A)g(x2);
(resp. Ag(x1) + (1 = A)g(x2) € g(hxy + (1 — A)x2)); g is said to be C(x)—quasiconvex if
forany x € X, y;,y2 € Y, & € [0,1], either

g(x,y1) € g(x,Ay1 + (1 = 1y2) + Cx)

or
g(x,y2) € g(x,Ay1 + (1 = My2) + C(x);

g is said to be C(x)-quasiconcave-like if for any x € X, y1,y2 € Y and A € [0, 1], either
g, Ay1 + (1 = 1)y2) € g(x,y1) + C(x)

or
g0, Ay + (1 = A)y2) € g(x,y2) + Cx);

g is said to be C(x)—quasiconcave if for any x € X, y1,y2 € Y and A € [0, 1], either
g(x,y1) € gx,Ay1 + (1 —1)y2) — Cx)

or
8(x,y2) € g(x,Ay1 + (1 = My2) — C(x).

Definition 2.2 [9] Let X be a convexsubsetofat.v.s.and Zbeat.vs. Letf: X xX — Z
and C: X — Z be multivalued maps. Given any finite set A = {xq,x2,...,X,} and
any x € co{xy,x2,...,x,}. f is said to be strong type I C-diagonally quasiconvex (SIC-
DQC, in short) in the second argument if for some x; € A, f(x,x;) € C(x);f is said
to be strong type Il C-diagonally quasiconvex (SIIC-DQC, in short) in the second

@ Springer



J Glob Optim (2007) 37:195-213 199

argument if for some x; € A, f(x,x;) N C(x) # ¥;f is said to be weak type I C—diago-
nally quasiconvex (WIC-DQC, in short) in the second argument if for some x; € A,
f(x,x) N (—intC(x)) = &; f is said to be weak type II C-diagonally quasiconvex (WIIC-
DQC, in short) in the second argument if for some x; € A, f(x,x;) ¢ —intC(x).

Theorem 2.1 [1] Let X and Y be Hausdorff topological spaces and T: X — Y be a
multivalued map.

(1) If T is an w.s.c. multivalued map with closed values, then T is closed.

(2) IfTis closed and Y is compact, then T is an u.s.c. multivalued map.

(3) If X is compact and T is an w.s.c. multivalued map with compact values, then
T(X) is compact.

Theorem 2.2 [17] Let T be a multivalued map of a topological space X into a topo-
logical space Y. Then T is Ls.c. at x € X if and only if for any y € T(x) and for any
net {x,} in X converges to x, there is a net {y,} such that y, € T(xy) for every o and yq
converges to y.

Theorem 2.3 [7] Let K be a convex space, Zbeatv.s, F:Kx K — ZandC: K — Z
be multivalued maps such that C(x) is a convex cone. Then F is C(x)-quaisconvex if
and only if forany x € K, yi € K, t; > 0, i = 1,2,...,n, > t; = 1, then there exists
1 <j < nsuchthat F(x,y;) € F (x,> 1 tiyi) + C(x).

Theorem 2.4 [15] Let A be a nonempty compact subset of real tv.s. Z, D a closed
convex cone in Z such that D # Z, then MinpA # (.

3 The existence results for a solution of system of simultaneous generalized vector
quasi-equilibrium problems

Let I be any index set. For each i € I, let Z; be a real t.v.s. and X;, Y; be nonempty
closed convex subsets in locally convex t.v.s. D; and E;, respectively. Suppose that
Ci : X — Z;is a closed multivalued map and C;(x;) is a nonempty convex cone
for each x; € X; and T; : X — Y; is a compact continuous multivalued map with
nonempty closed convex values. Throughout this paper we use these notations unless
otherwise specified.

Theorem 3.1 For each i € I, suppose that

(1) Aj: X x Y — Xjis acompact u.s.c. multivalued map with nonempty closed convex
values;

(2) gi:Xi x Y xY; —o Z;jis als.c multivalued map such that g;(x;, yi,yi) C Ci(x;) and
for each (xi,vi) € X; x Yi, yi — gi(xi,yi,vi) is Ci(x;)-quasiconcave-like, and for
each (xj,y;) € X; X Yj, vi — gi(xi, yi,vi) is Ci(x;)-quasiconvex.

Then there exists (x,y) € X x Y such that for eachi € [, x; € A;(x,), y; € Ti(x) and
gi(Xi,yi,vi) € Ci(xy) forallv; € T;(x).
Proof Foreachi € I,defined H;: X — T;(X) by

Hi(x) ={yi € Ti(®) | gi(xi,yi,vi) € Ci(xi) Yv; € Ti(x)}.
@ Springer
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For eachi € I and x € X, let Q;: Ti(x) — Ti(x) be defined by Q;(v;) = {y; €
Ti(x) | gi(xi,vi,vi) € Ci(x;)}. Suppose there exists i € I and a finite set {v}, vlz, v
in 7;(x) such that co{v},vZ,...,v?} ¢ UF_; Qi(vK). Then there exists a v} = Aqv} +
szl-z+~--+knvf' IS co{v},v%,...,v?},where Aj=0forj=1,2,...,nand Z;‘zl Ai=1,
but v* ¢ UF_; Qi(v5). Since Ti(x) is convex, v} € co{v}!,v?,...,v!} C Ti(x). But
vi ¢ Q;(vK) forallk = 1,2,...,n.50gi(x;,v},vE) & Ci(x;) forallk = 1,2,...,n. By (2)
and Theorem 2.3, there exists 1 < j < nsuch that g;(x;, vl?‘, vh C gi(xi, v?, v?‘)—l—C,-(x,') -
Ci(x;) + Ci(x;) € Ci(x;). This leads to a contradiction. So Q; is a KKM map. For each
i el lety; € Qi(v;), then there exists a net {y¥} in Q;(v;) such that y¥ — y;. So y¢ €
T;i(x) and g;(x;,y¥,vi) € Ci(x;). Since T;(x) is closed, y; € T;(x). Let z; € gi(xi,yi, vi)-
Since g; is l.s.c., there exists a net {z¢} such that z¥ — z; and z{¥ € gi(x;, y¥, vi) € Ci(x)).
Since C;(x;) is closed, z; € Ci(x;). So gi(xi,vi,vi) € Ci(x;), 1.e., y; € Qi(v;). Therefore,
Qi(v)) is closed. Q;(v;) is closed in a compact set 7;(X), so Q;(v;) is also compact.
Then by KKM Theorem, ﬂvieTi(x) Qi(vi) # 0, then we have H;(x) # ¢. For each
iellet yl-l, yl-2 € Hi(x) and A € [0,1], then y},yiz e Ti(x), gi(xi,y},vl-) C Ci(x;) for all
v; € Ti(x) and g;(x;,y?,vi) € Ci(x;) for all v; € T;(x). Let y* = Ay} + (1 — 1)y?. Since
T;(x) is convex, y} € Ti(x). By (2), we have either g;(x;, y*, vi) € gi(xi, ¥}, vi)+Ci(x;) €
Ci(x;)+Ci(x) € Ci(x;) or gi(xi, 2, vi) € gixi, y7,vi) + Ci(xi) € Cix)+Ci(x;)  Ci(xy).
Therefore, y% € H;(x), hence H;(x) is convex.

For eachi € I, let (x,y;) € GrH;, then there exists a net {(x*,y$)} in GrH; such
that (x%,y¥) — (x,yi). So we have y¥ e T;(x*) and g;(x*,y%,v;) € C;(x¥) for all
v;i € Ti(x*). By Theorem 2.1 (1), y; € Ti(x). Let v; € T;(x). Since T; is l.s.c., there
exists a net {v¥} such that v{ — v; and v{ € T;(x¥). Let z; € gi(x;,y;,v;). Since g; is
Ls.c., there exists a net {z{'} such that zf¥ — z; and z¥ € g;(x¥,y¥,v¥) C Ci(x¥). Then
z; € Ci(x;). Therefore, g;(x;,yi,vi) € Ci(x;) for all v; € T;(x), so we have y; € H;(x)
and then H; is closed. H;: X — T;(X) is closed and 7;(X) is compact, so H; is an u.s.c.
multivalued map with nonempty closed convex values.

Now, defined F: X x Y — X x Y by F(x,y) = [[;;[Ai(x,y) x Hi(x)]. Then F
is an u.s.c. with nonempty closed convex values. By Himmelberg fixed point theo-
rem, there exists (¥,y) € X x Y such that (x,y) € F(x,y). It means that there exists
(x,y) € X x Ysuch that foreachi € I, x; € A;j(x,y), yi € Ti(X),

&i(xi,yi,vi) € Ci(x;) forallv; € Ti(x). a

Corollary 3.1 Suppose conditions (3)—(5) in Theorem 3.1 hold and for each i € I,

(i) Si: X x Y — Xj is a compact continuous multivalued map with nonempty closed
convex values;
(i) (a) fi: Xi xYi x Xi — Zjis a Ls.c. multivalued map and convex in the first
argument;
(b) for each y; € Y;, the function fi(-,yi,-) is strong type I Ci-diagonally quasi-
convex in the third argument and
(iii) Cj: X; —o Z;jis a concave closed multivalued map and C;(x;) is a nonempty convex
cone for each x; € X;.

Then there exists (x,y) € X x Y such that for eachi € I, X; € Si(x,y), yi € Ti(x),
fi(xi, yi,ui) € Ci(x;) for allu; € Si(x,y)
@ Springer



J Glob Optim (2007) 37:195-213 201

and
gi(xi, yi,vi) € Ci(x;) for allv; € Ti(x).
Proof TForeachi e I, define a multivalued map M;: X x Y — S;(X x Y) by
Mi(x,y) = {wi € Si(x,y) | filwi, yi,ui) S Ci(wi) V uj € Si(x, y)}.
Let G;: Si(x,y) — Si(x,y) be defined by
Gi(uy) = {wi € Si(x,y) | fiwi,yi,up) < Ci(wi)}.

With the same argument as in Theorem 3.1, we can show that G; is a KKM map and
Gi(u;) is closed. Since G;(u;) is closed in the compact set S;(x,y), G;(u;) is also com-
pact. Then by KKM Theorem, Ny;es;(x,y) Gi(1i) # @, and hence M;(x,y) # §. For each
iel letw!, w? € Mi(x,y) and A € [0,1], then w}, w? € Si(x,y), i(w},yi,u;)) € Ci(w})
and f;(w?,yi,u;)) C Ci(w?) for all u; € Si(x,y). Let w} = aw! + (1 — 2)w?, then by (2a)
and (3), fiwh, yi, i) © Afiw}, i, ui) + (1= Dfiwi, yisui) € ACi(wh + (1= Ci(wf) <
Ciw! 4 (1 = nw?) = Ci(wh). a]

Since S;(x,y) is convex, wf‘ € Si(x,y). So M;(x,y) is convex.

Let ((x,y),w;) € GrM;, then there exist a net {((x*,y%),w¢¥)} in GrM; such that
x*,y*) = (x,y) and w¥ — w;, sow§ € §;(x*,y%) and fi(w§,y¥,u;) € C;(w¥) for all
u; € Si(x*,y%). By Theorem 2.1 (1), w; € Si(x,y). Let u; € S;(x,y). Since S; is Ls.c.,
there exists anet {u] } such thatu¥ — w; anduf € S;(x*,y*).Let z; € fi(w;, yi, u;). Since
fi is Ls.c., there exists a net {z¢} such that z¢¥ — z; and z¢ € fi(w{,y¥,u¥) C Ci(wi).
Then we have z; € C;(w;). So fi(w;,yi,u;) € Ci(w;) for all u; € S;(x,y). It means that
w; € Mi(x,y),s0 M, is closed. By Theorem 2.1, M; is a compact u.s.c. multivalued map
with nonempty closed convex value. Then by Theorem 3.1, there exists (¥,y) € X x Y
such that for each i € I, x; € M;(x,y), y; € T;(x) and g;(X;, i, vi) € Ci(x;) for all v; €
T;(x). i.e., there exists (X,y) € X x Y such that for eachi € I, x; € Si(x,y), yi € Ti(X),
fixi, yi,u) € Ci(x;) for all u; € S;(x,y) and g;(x;, yi, vi) € Ci(x;) for all v; € Tj(x).

The following corollary will have some applications to study the mathematical
program with equilibrium constraint.

Corollary 3.2 In Corollary 3.1, we replace (2a) and (2b) by

(2a’) Si: X xY —o X;is acompact u.s.c. multivalued map with nonempty closed convex
values;

(2V') fi: Xi x Yi — Zj is a Ls.c. multivalued map and convex in the first argument;
for each x = (xj)jc; € X and y = (y))ie1 € Y, there exists w; € S;(x,y) such that
fiwi,yi) € Ci(w)).

Then there exists (¥,y) € X x Y such that for each i € I, x; € Si(x,y), yi €
T;(%), fi(xi,yi) € Ci(x;) and gi(x;, yi,vi) € Ci(%;) for all v; € T;(%).
Proof Foreachie I, defined M;: X xY — S;(X x Y) by

Mi(x,y) = {wi € Si(x,y) | filwi, yi) € Ci(wi)}.

Following the similarly argument as in Corollary 3.1, we can show that M; is a compact
u.s.c. multivalued map with nonempty closed convex values. And then we obtain the
result by Theorem 3.1. O
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Theorem 3.2 Suppose that conditions (i), (ii) and (iii) of Corollary 3.1. For each i € I,
suppose that B;: X — Y, is a compact u.s.c. multivalued map with nonempty closed
convex values. Then there exists (x,y) € X x Y such that for each i € I, X; € Si(x,y),
yi € Bi(x),

fixi,yi,up) € Ci(xp))  for allu; € Si(x,y).
Proof  Foreachi € I, define a multivalued map M;: X x Y — S;(X x Y) by
M;(x,y) = {w; € Si(x,y) | filwi,yi,ui) € Ci(wy) Y u; € Si(x, )}

Then following the same argument as in Corollary 3.1, we have M; is a compact u.s.c.
multivalued map with nonempty closed convex values. Now, define F : X xY — X xY
by F(x,y) = [[;e;/[Mi(x,y) x Bi(x)], then F is an u.s.c. multivalued map with nonempty
closed convex values. By Himmelberg fixed point, we have the result.

Corollary 3.3 For each i € I, suppose that conditions (i) and (iii) of Corollary 3.1 and

(1) (a) fi: Xi x Y;i x Xj — Z;is a L.s.c. multivalued map and convex in the first argu-
ment; (b) for each y; € Y;, the function fi(-,y;,-) is strong type I C;—diagonally
quasiconvex ;

(2) gi: XixY;— Z;isals.c. and for each x; € X;, y; — gi(x;,y;) is Ci(x;)—quasicon-
cave-like;

(3) for each x = (x;)ic; € X, there exists y; € T;(x) such that g;(x;, y;) € Ci(x;).

Then there exists (x,y) € X x Y withx; € S;(x,9),y; € Ti(x) such that g;(x;,y;) C Ci(x;)
and fi(x;, yi,ui) € Ci(x;) for all u; € Si(x,y).

Proof  Foreachi € I, define H;: X — T;(X) by

Hi(x) = {yi € Ti(x) | gi(xi,yi) € Ci(x)}.

Then H;(x) # @ by (iv). Let (x,y;) € GrH,, then there exists a net {(x*,y¥)} in GrH;
such that (x%,y¥) — (x,y;). So we have y¢ e T;(x*) and g;(x¥,y¥) € Ci(x{¥). By Theo-
rem 2.1 (1), y; € Ti(x). Let z; € gi(x;,y;). Since g; is Ls.c., there exists a net {z{} such
that z¢ — z; and z¥ € g;(x¥,y¥) € Ci(x¥) and z; € Ci(x;). So gi(x;,y;)) € Ci(x;), hence
H; is closed. Let y},yl2 € Hi(x) and A € [0,1]. Then yil,yl2 e Ti(x), gi(xi,y}) C Ci(xj)
and gi(xi,yl-z) C Ci(x;). By (2), we have either

gixi, Ayt 4+ (1= )y C gilxi,yH) + Cilxi) € Cixi) + Cixi) < Ci(xi)
or
gixi, Ayt 4+ (1= 2)y?) € gilxi,¥?) + Ci(xi) € Cixy) + Ci(xi) < Ci(xi)

and T;(x) is convex, SO Ay} +1-=21) yl-2 € T;(x). Therefore H;(x) is convex. By Theorem
2.1 (3), H; is a compact u.s.c. multivalued map with nonempty closed convex values.
By Theorem 3.2, there exists (x,y) € X x Y with x; € S;(x,y) and y; € H;(x) such that
fi(xi, yi,up) € Ci(x;) for all u; € S;(x,y). O

Remark 3.1 Corollary 3.1 holds, if we replayed (2b) by (2b’) for each (x;,y;) € X;x Yi,
u; —o fi(x;,yi,u;) is C;(x;)—quasiconvex with f;(x;, y, x;) € C;(x;).
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Theorem 3.3 For each i € I, suppose that

(1) Ai: X x Y — X is a compact u.s.c. multivalued map with nonempty closed convex
values;

(2) Ci:X; — Z;is a closed multivalued map such that Ci(x;) is a proper convex cone
and intC;(x) is nonempty; P; : X; — Z; defined by P;(x;) = Z;\ (—intC;(x;)) is an
u.s.c. multivalued map;

(3) gi: Xi x Yi x Y; —o Z;is an u.s.c multivalued map with compact values such that
8i(xi,yi,yi) C Ci(x;);

(4) for each (x;,vi) € X; x Yi, yi —o gi(xi, Vi, Vi) is Ci(x;)—quasiconcave, and for each
(xi,yi) € Xi x Yj, vi — gi(xi,yi, vi) is Ci(x;)—quasiconvex.

Then there exists (¥, y) € X x Y such that for eachi € I, x; € A;(X,y), y; € T;(x) and
gi(xi, yi,vi) € —intCi(x;) for all v; € Ti(x).
Proof Foreachiel,let Hi: X — T;(X) be defined by
Hi(x) = {yi € T;(0) | gi(xi, yi,vi) € —intCi(x;) Vv; € T;(x)}
and Q;: T;(x) — T;(x) be defined by
Qi(v) = {yi € Ti(®)| gi(xi, yi,vi) € —intCi(x;)}

Suppose there exists a finite set {v},v7,...,v"} in Ti(x) such that
colvl,vZ, ... v & Uk Qi(vF). So we can find a vi = Aqv} 4+ av7 4+ -+ AV €
co{v},v,...,v!"} where o > O for k = 1,2,...,n and 3 }_ A = 1, but v} ¢
Ur_, Qi(vF). Since T;(x) is convex, v} € Ti(x). So gi(x;,vi,vE) € —intCi(x;) for all
k=1,2,...,n.By (3), (4) and Theorem 2.3, there exists 1 < j < n such that
giCxi, v vh) € gi(xi, vi,vi) + Ci(xi) € Cix) + Cilxj) S Ci(xy).

By (2), Ci(x;) is a proper cone in Z;, so Ci(x;) N (—intCx;)) = @. Then we have
gi(xi, vf‘, vh) N (=intCj(x;)) = ¥. This leads to a contradiction. Therefore, Q; is a KKM
map. Let y; € Q;(v;), then there exists a net {y¥}ocr in Q;(v;) such that y¢ — y;.
Then y¢¥ € Ti(x) and gi(x;,y¥,vi) € —intCi(x;), so gi(x;, y¥,vi) N Pi(x;) # #. Let
¥ € gilxi, y¥,vi)NPi(x;) and K; = {(x;, y¥,vi) : e AYU{(x;,yi,vi)}, then K; is compact.
By (3) and Theorem 2.1, g; is closed and g;(K;) is compact. Moreover, P; is closed, so
we have {z%} has a subnet {z{*} such that z{* — z; and z; € g;(x;,yi, vi) N P;(x;). There-
fore gi(x;,yi,vi) € —intC;i(x;). Since T;(x) is closed, y; € T;(x). This shows that Q;(v;)
is closed. Q;(v;) is closed in a compact set T;(X), hence Q;(v;) is also compact. Then
NvieTin Qi(vi) # ¥, then we have H;(x) # §. Let y}, yiz € H;(x) and A € [0,1]. Then
yhy? e Tix), gixi, v}, vi) € —intCi(x;) and g;(x;, y7,vi) ¢ —intC;(x;) for all v; € T;(x).
Since T;(x) is convex, ky} +1- )\)yi2 € T;(x). Suppose that there exist a 19 € [0,1]
and v; € T;(x) such that gi(xi,y,)-‘“, v;) € —intC;(x;) where y?” = 2oy} + (1 — 20)y?. By
(4), either |

gi(xi, yhvi) € gi(xi, y20,vi) — Ci(x) € —intCi(x;) — Ci(x;) € —intCi(x;)
or

gi(xi, y2,vi) € gi(xi, y20,vi) — Ci(x) € —intCi(x;) — Ci(x;)  —intGi(x;).
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This leads to a contradiction. Therefore H;(x) is convex. Let (x,y;) € GrH;, then
there exists a net {(x*,y{)} in GrH; such that (x*,y%) — (x,y;). So y¢ € T;(x*) and
gix¥, y¥,vi) ¢ —intC;(x¥) for all v; € T;(x¥). By Theorem 2.1, y; € Ti(x). And we
have g;(x%,y%,v)) ( Pi(x¥) # @ for all v; € T;(x*). For each v; € Ti(x), since T;
is l.s.c., then there exists a net {v¥}qsen such that v¢¥ — v; and v¢ e T;(x*). Then
gixE, y¥ vE) N Pi(xy) # 0. Let z¥ € gi(x¥,y¥,v¥) N Pi(x¥) and K; = {(xF,y7,v¥):
ae A} U {(x;, yi, vi)} which is compact, so g;(K;) is compact and g; is closed by Theorem
2.1. Then {z¥} has a subnet {z;*} such that z;* — z;. Since g; and P; are closed, we have
Zi € 8i(xi,yi,vi) N Pi(x;) # 9. Therefore g;(x;, y;, vi) € —intC;(x;) for all v; € T;(x), and
then H; is closed.

By Theorem 2.1 (2), H; is a compact u.s.c. with nonempty closed convex value.

Define F: XxY — XxY by F(x,y) = Mjecs[Ai(x,y) x Hi(x)]. Then Fis an u.s.c. with
nonempty closed convex value. By Himmelberg fixed theorem, there exists (X,y) €
X x Y such that (x,y) € F(x,y). There exists x; € A;(x,y) and y; € T;(x) such that
gi(Xi, i, Vi) g —intC;(x;) for all v; € T;(x) [}

Corollary 3.4 Suppose conditions (2)—(4) of Theorem 3.3 hold, and for each i € I,
suppose that

(1) Si: X x Y — Xjis a compact continuous multivalued map with nonempty closed
convex values;
(i) (a) fi: Xi x Yi x Xi —o Z; is an w.s.c. multivalued map with compact values and
concave in the first argument,
(b) for each y; € Y, the function fi(-,yi,-) is weak type II C;-diagonally quasi-
convex;
(iii) P;: X; — Z; defined by Pi(x;) = Z;\ (—intCi(x;)) is a concave u.s.c. multivalued
map.

Then there exists (x,y) € X x Y such that for eachi € I, x; € Si(x,y), y; € T;(x),
fiGi, yi,u;) ¢ —intCi(x;) for all u; € Si(x,y)
and
g%, yi,vi) € —intCi(x;) for allv; € T;(%).
Proof  For eachi € I, define a multivalued map M;: X x Y — S;(X x Y) by
Mi(x,y) = {w; € Si(x,y) | filwi,yi,ui) € —intCi(w;) VY u; € Si(x, )}

Following the similarly argument as in Theorem 3.3, we can show that M;(x,y) is
nonempty. Let w}, wl2 € M;(x,y) and A € [0,1], then w,l, wiz c S,-(x,y),fi(wll,y,-,u,-) ¢
—intC;(w}) and f;(w?,y;,u;) ¢ —intCi(w?) for all u; € Si(x,y). So there exists z} €
ﬁ(w},yi,ui) N P,-(w}) and zl2 € f,-(wlz,y,-,ui) N Pl-(w,z) for all u; € S;(x,y). Since S;(x,y)
is convex, Aw} + (1 — A)w? € Si(x,y). By (ii.a), we have

Azl 4 (L= 2zf € Miw]yiow) + (1 = VDfiwl,yi,u)
C fiwh + (A = MWk, yi, )
and Az} +(1—-1)z7 € APi(wH+(1 =) Pi(w?) € PiGw!+(1—w?). Sorzl+(1-1)z7 €
fHiOw! + A=W, yi,u) NPi(Aw}! + (1 — 1)w?). Therefore f;(Aw} + (1 — M)w?, yi,u;) €
—intC;(w} + (1 — Mw?) for all u; € S;(x,y). Hence M;(x,y) is convex. Following the
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same argument as in Theorem 3.3, we see that M, is closed. Therefore, M; is a compact
u.s.c. multivalued map with nonempty closed convex value by Theorem 2.1 (2). Then
by Theorem 3.3 we have the result. O

The following corollary has some applications in the study of Mathematical Pro-
gramming with equilibrium constraint.

Corollary 3.5 Suppose conditions (2) — (4) of Theorem 3.3 hold and for each i € I,

(1) Si: X x Y — Xjis a compact u.s.c. multivalued map with nonempty closed convex
values;
(i) (a) fi: X; x Y; — Z;jis an u.s.c. multivalued map with compact values and convex
in the first argument,
(b) for each x € X and y = (y))ie; € Y, there exists w; € Si(x,y) such that
fiwi,yp) € —intCi(wy);
(ili) P;:X; — Z; define by Pi(x;) = Z;\ (—intC;(x;)) is a concave u.s.c. multivalued
map.

Then there exists (¥,y) € X x Y such that for each i € I, x; € Si(x,y), y; €
T;(%), fi(xi,yi)) € —intCi(x;) and g;(x;, y;,vi) € —intC;(%;) for all v; € Ti(x)
Proof Foreachiel,defined M;: X xY — Si(X x Y) by

M;(x,y) = {w; € Si(x,y) | filwi,yp) € (—intCi(w;))}

Following the similar argument as in Corollary 3.4, we can show that M, is a compact
u.s.c. multivalued map with nonempty closed convex values. And then we obtain the
result by Theorem 3.3.

Theorem 3.4 For each i € I, suppose that B;: X — Y; is a compact u.s.c. multivalued
map with nonempty closed convex values and conditions (i) and (iii) of Corollary 3.4

Then there exists (x,y) € X x Y such that for eachi € I, X; € Si(x,y), ¥; € B;i(x) and
fiGxi, yi,ui) ¢ —intCi(x;) for all u; € Si(x,y).
Proof  Foreachi € I, define a multivalued map M;: X x Y — S;(X x Y) by
Mi(x,y) = {wi € Si(x,y) | fiwi, yi,ui) £ —intCi(wi)  Vu; € Si(x, )}

Now, define F: X x Y — X x Y by F(x,y) = [[;c;[Mi(x,y) x Bi(x)], then F is an u.s.c.
multivalued map with nonempty closed convex values. By Himmelberg fixed point,
we have the result.

Corollary 3.6 For each i € I, suppose that conditions (i),(ii) and (iii) of Corollary 3.4
and

(a) gi: XixY;—o Zjisals.c and for each x; € Xj, y; — gi(xi,y;) is Ci(x;)—quasicon-
cave;

(b) foreach x = (x;)ie1 € X, there exists w; € T;(x) such that g;(x;,w;) ¢ —intC;(x;);

(c) T;: X —o Yjis a compact u.s.c. with closed convex values.

Then there exists (¥,7) € X x Y with X; € Si(x,y), y; € T;(x) such that g;(x;,y;) €
—intC;(x;) and f;(x;, i, u;) € —intCi(x;) for all u; € S;(x,y).
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Proof Foreachi € I, define H;: X — T;(X) by
Hi(x) ={yi € Ti(x) | gi(xi,y)) € —intC;(x;)}

Then using the similarly discussion in Theorem 3.3, we have that H; is a compact
u.s.c. with nonempty closed convex values. Therefore, we have the result by Theorem
3.4. ]

Remark 3.2 In Corollary 3.4, if we replayed (2b) by (2b') for each (x;,y;) € X; x Yi,
u; —o fi(x;,yi,u;) is Ci(x;)—quasiconvex with f;(x;, y;,x;) € C;(x;). Then Corollary 3.4
also holds.

Following the similar argument as in Theorem 3.1, we have the following Theorems.
Theorem 3.5 For each i € I, suppose that

(1) Aj: X x Y —o Xjis a compact u.s.c. multivalued map with nonempty closed convex
values;

(2) gi: Xi x Yi x Y; — Z; is a compact u.s.c. multivalued map with nonempty closed
values and gi(x;,yi,yi) S Ci(x));

(3) foreach (xi,vi) € X;x Y}, yi —o gi(xi,yi,vi) is concave, and for each (x,y) € X x Y,
v —o gi(x,y,v;) is Ci(x)-quasiconvex.

Then there exists (x,y) € X x Y such that for eachi € I, x; € A;(x,y), y; € Ti(x) and
8i(xi,yi,vi) N Ci(x;) #0 Y vi € Ti(x).
Corollary 3.7 In Theorem 3.5, if we replace condition (1) and (2) by

1) (a) Si: X x Y — Xjis a compact continuous multivalued map with nonempty
closed convex values;
(b) fi: XixY;x X; — Z;is an u.s.c. multivalued map with compact values and
concave in the first argument;
(c) foreachy; €Y fi(-,yi,) is strong type Il C;—diagonally quasiconvex.
(2) Ci: Xi—o Z;jis aclosed concave multivalue map.

Then there exists (¥,y) € X x Y such that for eachi € I, x; € Si(x,y), y; € Ti(%),
fiGi yi,u) NCi(x) #9@ forall u; € S;(x,y)
and
8ixi, yi,v) N Ci(x;) # ¢ for allv; € T;(%).
Following the similar argument as in Corollary 3.2, we have the following Corollary.

Corollary 3.8 In Theorem 3.5, further, if we assume that C; is concave and replace
condition (1) by

(1) (a) Si: X x Y — X;is a compact u.s.c. multivalued map with nonempty closed
convex values;
d) fi: Xi xY; — Z;is an u.s.c. multivalued map with compact values and
concave in the first argument; for each x € X and y = (y;)icy € Y, there exists
wi € Si(x,y) such that f;(wi, yi;) N Ci(w;) # @.
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Then there exists (x,y) € X x Y such that for each i € I, x; € Si(x,y), y; € T;(x),
fitxi,yi) N Ci(%;) # ¥ and
gi(xi,yi,vi) N Ci(x;) #0 Y v € Ti(X).

Theorem 3.6 For each i € I, suppose that

(1) Ai: X xY —o Xjisacompact u.s.c. multivalued map with nonempty closed convex
values;

(2) git Xi xY;xY;— Z;isals.c multivalued map and gi(x;,yi,yi) € Ci(x;);

(3) foreach (xi,vi) € X;xYi, yi —o gi(xi, Vi, Vi) is convex, and for each (x;,y;) € X;x Y,
vi — gi(xi,yi,vi) is Ci(x;)-quasiconvex;

(4) Pi: Xi — Z; defined by Pi(x;) = Z; \ (—intC;(x;)) is a concave u.s.c. multivalued
map.

Then there exists (X,y) € X x Y such that for each i € I, X; € A;(X,y), y; € Ti(X)
and

8i(xi, i, vi) N (—intCi(x;)) =0 Vv € Ti(X).
Following the similar argument as in Corollary 3.2, we have the following Corollary.

Corollary 3.9 In Theorem 3.6, further, if we assume C; is concave and replace condition
(1) by

(1) (a) Si: X x Y —o Xjis a compact u.s.c. multivalued map with nonempty closed
convex values;
(b) fi:Xi x Yi x Xj —o Zjis a l.s.c. multivalued map and convex in the first argu-
ment; for each x € X and y = (yi)ic1 € Y, there exists w; € S;(x,y) such that
fiwi,yi) N —intCi(w;) = 0.

Then there exists (¥,y) € X x Y such that for eachi € I, x; € S;(x,y), y; € T;(%),
fi(xi, yi)) N (—intC;(x;)) = ¥ and

&i(Xi, yi,vi) N (—=intCi(x;)) =¥ Vv; € Ti(X).

4 Applications to systems of quasi-saddle point problems and system of
quasi-minimax inequalities

In this section, we define systems of quasi-saddle point problems and system of quasi-
minimax inequalities.

Let ;i : X; x Y; — Z; be a function. We consider the following systems of quasi-
saddle point problems.

(SVQSPP): find x = (xj)ic; € X and y = (y;)ies € Y such that for each

iel, XxieSixy), yieTiX),
@i(xi,¥i) — oXi,yi) € Ci(x;) forall x; € Si(x,y)
and

@i(Xi, ¥i) — @i(x;, i) € Ci(x;) forall y; € T;(%).
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Theorem 4.1 For eachi € I, suppose that

(1) (a) fi: Xi x Yi > Z;is a continuous function and affine in the first argument;
(b) for each x; € X;, yi — fi(xi,yi) is Ci(x;)-quasiconcave; for any finite set

A= {x},xiz,...,xl”} in X; and x; € coA, there exists 1 < j < n such that

[ yi) = fiti,yi) € Cilxi);
Then there exists (x,y) € X x Y with X; € S;(x,y) and y; € T;(x) such that
fiui, yi) — fi(xi, yp) € Ci(xi) Y u; € S;i(x,y)

and
fiGiy) — fitxi,vi) € Ci(x) Y v; € Ti(X).
Proof Let Fi:X; xY;xX; — Z;and G;: X; x Y; x Y; — Z; be defined by
Fi(xi,yi,w)) = {fi(ui,yi) — fi(xi,y)} and Gi(x;,yi,vi) = {fi(xi,¥i) — fi(x;,vi)}. Then by
(2a), F; and G; are l.s.c. Let x}, x? € X; and X € [0, 1], then by condition (2a), we have
FiOx! 4+ (1= 0x7, i, wi)

= {fi(wi,yi) — fiGxi + (1 = M)x7, yi)}

= {fiui,yi) — Mix,yi) — (1 = VG, vy}

= (Mfiui,yi) — fiteh, yd1 + (1= DI fiwi, yi) — fi(, yol}

S Mfiuiyi) — fitef v} + (L= Wi, yi) — fiof, yi))

= AFi (e} yi i) + (1= MF(E, yi,up).

So F; is convex in the first argument. O

And by condition (1b), we can obtain that F; is strong type I C;-diagonally quasi-
convex. Note that G;(x;,y;,vi) = {fi(xi,yi) — fi(xi,y))} = {0} € C;i(x;). By condition
(2b), yi — fi(xi,yi) — fi(xi,vi) is Ci(x;)— quasiconcave and v; — f;(x;, v;) — fi(x;, vi) is
Ci(x;)— quasiconvex. Then by Corollary 3.1, there exists there exists (x,y) € X x Y
with X; € S;(x,y) and y; € T;(¥) such that

filwi, yi) — fi(xi, yi) € Ci(xi) Y u; € Si(x,y)
and

fiGxi, yi) — filxi,vi) € Ci(xp) Vv € Ti(x).
Theorem 4.2 In Theorem 4.1, if we let Z; = R and y; — fi(x;,y;) is quasiconcave,
then there exists X = (Xj)ic; € X and y = (Vi)ie; € Y with X; € Si(x,y) and y; € T;(X)
such that

min _ max_fi(u;,v;) = fi(x;,y;)) = max_ min _ fi(u;,v).
u; €Si(%,y) vieTi(¥) vieTi(X) ui€Si(x.,y)

Proof  Ci(x;) = [0,00) forallx € X. Then by Theorem 4.1, there exists (x,y) € XxY
with x; € S;(x,y) and y; € T;(X) such that

fitui,yi) = fi(xi, yi) for all u; € Si(x,y)
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and
fixi,yi) = fi(xi,vi) forallv; € Ti(x).
That is,
fitxi,yi) = min _ fi(u;, yi)
u; €Si(X,y)
and
fitxi,yi) = max_fi(x;, vy).
vieT;i(x)
Then
i(Xi,yi) = min_ fi(u;,y;) < max min_ fi(u;,v;
fitxi, yi) uiESi(fc,)?)fl( i»yi) < B u,-eSi(X,j/)fl( i» Vi)
and
i(X;,yi)) = max fi(x;,v;) > min max fi(u;v;).
Ji g = max i vi) = weS;(x.3) g Jituisvi)
So
min  max fi(u;,v;) < fi(x;,y;)) < max min f;(u;,v;).
S;(%.3) e, Jilus vi) < ik, yi) < v,-eT,-o‘ou,-es,-(fc,y)ﬁ( o Vi)
And
min _ fi(u;,vi) < fi(x;,vi) < max_fi(x;,vi) = fi(X;, yi).
u; €S;(X,y) vieTi(x)
max_ fi(u;,vi) > fi(u;, i) > min_ fi(u;, yi) = fi(xi, yi).
vieTi(x) u; €S;(X.y)
So we have
max min fij(u;,v;) < fi(x;,y;)) < min  max fi(u;,vi).
vieT;(0) u,-es,-o‘c,y)f‘( Vi) = fixi.3i) = wieSixp) vieT,-o‘c)fl( V)
Therefore
min  max f;(u;,v;) = fi(xj,y;i) = max min fi(u;,v;). O
u,-eS,-()'c,j/)v,-eT,-()?)ﬁ(l i) = fi(xi, i) v,-eTi()'c)u,'ESi(fC,)'/)ﬁ(l i)

5 Applications to mathematical program with equailibrium constraint, semi-infinite
and bilevel problems

Theorem 5.1 In Corollary 3.1, in addition, let L be areal t.v.s. and h:X x Y — L be an
u.s.c. multivalued map with compact valued. Then there exists a solution of the problem:
(P1) Min h(K), where K = {(x,y) e X x Y |Viel, x; € Si(x,y),y; € Ti(x), fi(xi, yi, i)
C Ci(x) Y u; € Si(x,y), and gi(xi,yi,vi) € Ci(x;) Y v; € Ti(x)}.

Proof By Corollary 3.1, we have that K # §. Let (x,y) € K, then there exists
a net {(x*,y%)} in K such that (x*,y*) — (x,y). So for each i € I, x¥ € S;(x%,y%),
yi e Ti(x%), fix¥, y¥,ui) € Ci(x¥) for all u; € S;(x¥,y*) and g;(x¥, y¥,v;) € Ci(x¥) for
all v; € T;(x%). Since S; and T; are closed, x; € S;(x,y) and y; € T;(x). Let u; € Si(x,y).
Since S; is ls.c., there exists a net {u{'} such that uf — wu; and uf € S;(x%,y*). Let
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z; € fi(xi,yi,u;). Since f; is 1.s.c., there exists a net {z{'} such that z¥ — z; and z¥ €
fitx¥, y¥,u) < Ci(x¥). Since C; is closed, z; € Ci(x;). So fi(x;,yi,ui) S Ci(x;) for all
u; € S;j(x,y). Similarly, by the same way we have g;(x;, y;, v;) € Ci(x;) for all v; € T;(x).
Therefore (x,y) € K, i.e. K is closed in a compact set [[;.; Si(X x Y) x T;(X), hence
K is also compact. And since 4 is u.s.c. with compact valued, it follows Theorem 2.4
that P; has a solution. O

Theorem 5.2 In Corollary 3.3, in addition, let L be a real t.v.s. and h: X x Y — L
be an u.s.c. multivalued map with compact valued. Then there exists a solution of the
problem:

(MPEC;) Min h(K), where K = {(x,y) € X x Y | foreach i €I, x; € Si(x,y), y; €
Ti(x),8i(xi,yi) € Ci(xy), and fi(x;, yi,u;) € Ci(x;) for all u; € Si(x,y)}.

Proof By Corollary 3.3, we have that K # (. With the similarly discussion in The-
orem 5.1, we can show that K is compact, hence the conclusion is true. O

Corollary 5.1 In Corollary 3.3, if we replace condition (1) by

(1) @i+ Xi x Xij — Zj is a Ls.c. multivalued map and convex in the first argument; ¢;
is strong type I C;-diagonally quasiconvex

and h be the same as in Theorem 5.2. Then there exists a solution of the problem:
(SIPy) Min h(K), where K = {(x,y) € X x Y | foreach i € I, x; € Si(x,y), yi €
Ti(x), gi(xi,yi) € Ci(xi), and ¢i(xi,u;) < Ci(x;) for all u; € Si(x,y)}.

Proof Define f;: X; X Y; x X; — Z; by fi(x;,yi,u;) = @i(x;,u;). Then f; is Ls.c. and
convex in the first argument and f(-,y,-) is strong type I C;-diagonally quasiconvex.
By Theorem 5.2, we have the conclusion. O

Applying Corollary 3.1, we have the following existence theorem of mathematical
program with equilibrium constraint.

Theorem 5.3 In Corollary 3.2, in addition, let L be a real t.v.s. and h: X x Y — L be
an u.s.c. multivalued map with compact valued. Then there is a solution of the problem:

(MPEC;) Min h(K), where K = {(x,y) € X x Y | foreach i €I, x; € S;(x,y), yi €
Ti(x), fi(xi,yi) € Ci(xi), and gi(xi,yi,vi) € Ci(x;) for all v; € Ti(x)}.

For the special case of Theorem 5.3, we have the following Corollary.

Corollary 5.2 Let S;, T;, h be the same as in Theorem 5.3, Ci(x;) = [0, 00) and for each
i € I, suppose that

(1) (a) fi: X; x Y; — R is an affine continuous function;
(b) for each x = (xj)ic; € X and y = (yi)ic; € Y, there exists w; € Si(x,y) such
that fi(wi,yi) = 0;
(2) gi: Xi xY; x Y; — Ris a continuous function such that g;(x;, y;,yi;) > 0;
(3) foreach (xi,vi) € X; x Yj, yi — gi(xi,vi,vi) is quasiconcave, and for each (x;,y;) €
Xi x Y;, vi — gi(xi,yi,vi) is quasiconvex.
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Then there is a solution of the problem:

(MPEC3) Min h(K), where K = {(x,y) € X x Y |foreach i € I, x; € Si(x,y), vi €
T;(x), fi(xi,yi) =0, and gi(x;, yi,v;) > 0 for all v; € T;(x)}.

As an application of Corollary 5.2, we establish the existence theorem of bilevel
problem.

Corollary 5.3 In Corollary 5.2, we replace conditions (2) and (3) by

(2') @i+ Xi x Yi > Ris a continuous function,
(3') foreach x; € Xi, vi — ¢i(xi,y;) is quasiconvex.

Then there exist a solution of the following Bilevel Problems: (BL) Min A(K),
where K = {(x,y) € X x Y | foreach i € I, x; € Si(x,y), yi € Ti(x), fi(xi,yi)) >
0, and g;(x;,y;) < gi(xi,vy) for all v; € T;(x)}.

Proof Let Z; = R, C; = [0,00) and gi(x;,yi,vi) = @i(xi,vi) — ¢i(xi,yi), then
gi(xi,yi,yi) = 0 € Ci(x;). Moreover, g;(x;,-,v;) is quasiconcave and g;(x;,y;,-) is
quaisconvex. Then we obtain the conclusion by Corollary 5.2. O

By Corollary 3.1, we have the following theorem.

Theorem 5.4 In Corollary 3.4, in addition, let L be areal t.v.s. and h: X x Y — L be an
u.s.c. multivalued map with compact valued. Then there exists a solution of the problem:
(P2) Min h(K), where K = {(x,y) € X x Y |Vi€el, x; € Si(x,y),y; € Ti(x), fi(xi, i, u;)
¢ —intCi(x;) VY u; € Si(x,y), and gi(x;,yi,vi) € —intC;(x;) V v; € T;(x)}.

Theorem 5.5 In Corollary 3.6, in addition, let L be a real t.v.s. and h: X x Y — L
be an u.s.c. multivalued map with compact valued. Then there exists a solution of the
problem:

(MPECy4) Min h(K), where K = {(x,y) € X x Y | foreach i €I, xj € Si(x,y), Vi €
Ti(x), gi(xi,yi) € —intCi(x;), and fi(x;, yi,u;) ¢ —intC;(x;) for all u; € Si(x,y)}.

By Corollary 3.6, we have the existence theorem of semi-infinite problem.

Corollary 5.4 In Corollary 3.6, if we replace condition (ii.a) and (ii.b) of Corollary 3.4
by

(2") @i+ Xi x Xi — Z; is a continuous multivalued map and concave in the first
argument; ; is weak type I C;-diagonally, quasiconvex

and £ be the same as in Theorem 5.5. Then there exists a solution of the problem:
(SIP2) Min A(K), where K = {(x,y) € X x Y | foreach i € I, x; € Si(x,y), y; €
Ti(x), gi(xi,yi) € —intCi(x;), and ;(x;,u;) ¢ —intCi(x;) for all u; € Si(x, y)}.

Proof Define f;: X; x Y; x X; — Z; by fi(xi,yi, ;) = ¢i(x;,u;). Then f; is an u.s.c.
multivalued map and concave in the first argument. Moreover, f(-,y,-) is weak type
IT C;—diagonally quasiconvex. By Theorem 5.5, we have the conclusion. O

Theorem 5.6 In Corollary 3.5, in addition, let L be a real t.v.s. and h: X x Y — L be
an u.s.c. multivalued map with compact valued. Then there is a solution of the problem:

(MPECs) Min h(K), where K = {(x,y) € X x Y | foreach i €I, xj € Si(x,y), Vi €
T;(x), and fi(xi,y)) € —intCi(x;), 8i(xi, yi, vi) € —intC;(x;) for all v; € T;(x)}.
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Theorem 5.7 In Corollary 3.7, in addition, let L be a real t.v.s. and h: X xY — L
be an u.s.c. multivalued map with compact valued. Then there exists a solution of the
problem:

(P3) Min h(K), where K={(x,y) € X x Y |V iel, x;eS;i(x,y),yieT;(x), fi(xi,yi, u;)
N Ci(x;) # OV u; € Si(x,y), and gi(x;,yi,vi) N Ci(x;) # BV v; € Ti(x)}.

Theorem 5.8 In Corollary 3.9, in addition, let L be a real t.v.s. and h: X xY — L
be an u.s.c. multivalued map with compact valued. Then there exists a solution of the
problem:

(MPECs) Min h(K), where K = {(x,y) € X x Y | foreach i €I, x; € Si(x,y), yi €
Ti(x), gi(xi,yi) N Ci(xi) # 9, and fi(xi,yi, u;) N Ci(x;) # D for all uj € Si(x, y)}.

Theorem 5.9 In Corollary 3.8, in addition, let L be a real t.v.s. and h: X x Y — L be
an u.s.c. multivalued map with compact values. Then there is a solution of the problem:

(MPEC7) Min h(K), where K = {(x,y) € X x Y | foreach i €I, x; € Si(x,y), Vi €
T;(x), and fi(xi, y)) N Ci(x;) # 9, 8i(xi, yi, vi) N Ci(x;) # @ for all v; € T;(x)}.

Theorem 5.10 /n Corollary 3.8, in addition, let L be a real t.v.s. and h: X x Y — L be
an u.s.c. multivalued map with compact valued. Then there is a solution of the problem:

(MPECg) Min h(K), where K = {(x,y) € X x Y | foreach i €I, x; € Si(x,y), y; €
Ti(x), and fi(x;, y;) N (—intC;(x;)) = @, gi(xi, yi, vi) N (—=intCi(x;)) = @ for all v; € Ti(x)}.
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