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Abstract In this paper, we consider more general forms of generalized vector
quasi-equilibrium problems for multivalued maps which include many known vec-
tor quasi-equilibrium problems and generalized vector quasi-variational inequality
problems as special cases. We establish some existence results for solutions of
these problems under pseudomonotonicity and u#-hemicontinuity/£-hemicontinu-
ity assumptions.
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1 Introduction and formulations

The vector variational inequalities, that is, variational inequalities for vector-valued
functions, were introduced by Giannessi (1980) in finite dimensional spaces with

L.-J. Lin (X)) - Y.-J. Huang

Department of Mathematics, National Changhua University of Education,
Changhua 50058, Taiwan

E-mail: maljlin@math.ncue.edu.tw

Q. H. Ansari
Department of Mathematical Sciences, King Fahd University of Petroleum and Minerals,
P. O. Box 1169, Dhahran 31261, Saudi Arabia

Q. H. Ansari
Department of mathematics, Aligarh Muslim University, Aligarh, India
E-mail: ghansari @kfupm.edu.sa



86 L.-J. Lin et al.

further applications. Inspired by this pioneer work of Giannessi, the equilibrium
problem Bianch and Schaible (1996), Blum and Oettli (1994) and Flores-Bazan
(2000) which contains variational inequalities, optimization problems, saddle point
problems, fixed point problem etc, has been extended and generalized for vector-
valued functions in many different directions by many researchers, see for example
Ansari and Yao (2003), Bianch et al. (1997), Hadijisavvas and Schaible (1998),
Flores-Bazan and Flores-Bazan (2003), Giannessi (2000) and Konnov and Yao
(1999) and references therein. The equilibrium problem with constrained is called
quasi-equilibrium problem. The equilibrium problem and quasi-equilibrium prob-
lem for vector-valued functions are known as vector equilibrium problem and vector
quasi-equilibrium problem, respectively. In the recent past vector (quasi-) equilib-
rium problems are used as tools to study vector (quasi-) optimization problem and
vector (quasi-) saddle point problems, see for example Ansari and Flores-Bazan
(2003), Ansari and Yao (2003), Lee (2000) and references therein.

In this paper, we consider more general vector quasi-equilibrium problems for
multivalued functions which contain many known vector quasi-equilibrium prob-
lems and vector quasi-variational inequality problems as special cases. Several
kinds of pseudomonotonicities and £-hemicontinuities are introduced. We study
the existence of a solution of these problems under some pseudomonotonicity and
u-hemicontinuity/¢-hemicontinuity assumptions.

Throughout the paper, unless otherwise specified, we use the following nota-
tions and assumptions.

For a subset A of a topological vector space, we denote by coA, int A, A and
24 the convex hull of A, the interior of A, the closure of A and the family of all
subsets of A, respectively. Let X', J and Z be real topological vector spaces, X a
nonempty convex subset of X’ and D a nonempty subset of Y. Let C : X — 2% be
a multivalued map such that for each x € X, C(x) is a proper closed convex cone
with apex at the origin. Let S : X = 2X, 7: X - 2Pand F: Dx X x X — 2%
be multivalued maps with nonempty values.

We consider the following types of generalized vector quasi-equilibrium prob-
lems:

Find x € X such that x € S(x) and
(GVQEP)(I) for each y € S(x) there exists r € T (x) satisfying
F(t,x,y) € —int C(X).

Find x € X such that x € S(x) and
(GVQEP)ID) [ F(t.%.y) 0 (~int C(@)) =@ forall y € S(¥) and 1 € T(¥).

Find x € X such that x € S(x) and

(GVQEP)(II) [ F(t,%, y) C C(x) forally e S(X)andt e T(%).

In (GVQEP)(I) and (GVQEP)(II), it is assumed that int C(x) # @ for each
x € X. We notice that very solution of (GVQEP)(II) is a solution of (GVQEP)(I).
Recently Fu and Wan (2002) considered and studied (GVQEP)(I) when S(x) =
X forall x € X. Itis worth to mention that the above three kinds of problems con-
tain many problems studied in the literature as special cases; See for example
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Ansari and Flores-Bazan (2003), Ansari and Yao (1999), Ansari and Yao (2003),
Chen et al. (2001), Chiang et al. (2003), Khanh and Luu (2005), Lin and Park
(1998), Lin and Yu (2001) and references therein.

2 Preliminaries

Definition 2.1 Ler T : X — 2P be a multivalued map with nonempty values. A
multivalued map F : D x X x X — 2% is said to be u-hemiconitnuous (respec-
tively, £-hemicontinuous) with respect to 7" if for all x, y € X and « € [0, 1], the
multivalued map o +— F(T (x4),x,y) = UtET(xC,) F(t,x,y) is upper semicon-
tinuous (respectively, lower semicontinuous) at 04, where xq =y + a(x — y).

Throughout the paper, all topological spaces are assumed to be Hausdorff.
The following results will be needed in the sequel.

Theorem 2.1 (Lin and Yu2001) Let F : X x Y — 2Z and S : X — 2V be
multivalued maps with nonempty values.

(a) Ifboth S and F are lower semicontinuous, then T : X — 22 defined by

Tx)= |J Flx,y=F@& Sx)

yes(x)

is lower semicontinuous on X. ) ) )
(b) If both F and S are upper semicontinuous with compact values, then T is an

upper semicontinuous multivalued map with compact values.

The following lemma will be needed to establish existence results for solutions of
generalized mixed vector variational inequalities.

Lemma 2.1 (Ding and Tarafdar 2000) Let L(X, Z) be the family of all continu-
ous linear maps from X to Z such that it is equipped with the o-topology. Then
the bilinear mapping (-, -) : L(X, Z2) x X — Z is continuous on L(X, Z) x X,
where (s, x) denotes the evaluation of s € L(X, Z) at x € X.

The following result is a special case of Theorem 4.1 in Lin et al. (2003).

Theorem 2.2 Let X be a nonempty convex subsets of a topological vector space
X. Let S : X — 2% be a multivalued map such that

(i) foreachx € X, x ¢ coS(x);
(i) foreachy € X, Sil(y) ={xeX:yeSk)}isopenin X;
(iii) there exist a nonempty compact subset K of X and a nonempty compact con-
vex subfet M of X such that for each x € X\K, there exists y € M such that
x eSO

Then there exists x € X such that S(x) = ¢.
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3 Existence results for solutions of (GVQEP)

Let us recall the following definitions.

Definition 3.1 For each fixed x € X, a multivalued map G : X — 2%\ {#} is
called

(i) Cy-convex if for all x1,x, € X and ) € [0, 1],
GOx1+ (I =2x2) S AG(x1) + (1 = A1)G(x2) — Cx);
(i) Cy-quasiconvex if for all x1, x3 € X and X € [0, 1], either
Gx1) CSGAx+ (1 —=2x2) +C(x)
or
G(x2) € G(x1 + (I —2)x2) + C(x);
(ii1) concave if for all x1, x> € X and ) € [0, 1],
AG(x1) + (1 —=2)G(x2) € G(rxy + (1 — X)xp).
Definition 3.2 A multivalued map F : D x X x X — 22\ {@} is said to be
(i) type-I Cy-pseudomontone with respectto T if forall x,y € X,
F(u,x,y) € —int C(x) for some u € T (x)
implies F(v,x,y) € —int C(x) forsomev € T(y);
(i1) type-1I Cx-pseudomontone with respect to T if forall x, y € X,
F(u,x,y)n (—int C(x)) =@ forsomeu € T (x)
implies F(v, x,y) N (—int C(x)) =0 forallve T(y),
(iii) type-III C,-pseudomontone with respect to 7" if for all x, y € X,
F(u,x,y) C C(x) forsomeu € T(x)
implies F(v,x,y) C C(x) forallve T(y);

(iv) strong type-III maximal C-pseudomontone with respect to T if it is type-111
C-pseudomonotone w.rt. T and for all x,y € X, and each z in the line
segment (x, y] we have

F(w,x,y) € C(x) forsomew € T(z)
implies F(u,x,y) € C(x) forallueT(x);

(v) strongly explicit§(C,)-quasiconvex withrespectto T ifforallw € Y, y1, y2 €

X and ) € (0, 1), we have either
F(w, yr, y1) © F(w, yr, ) + C(y1) or
F(w, yr, y2) € F(w, yr, y) + C(y2)

and in case F(w, y,, y1) — F(w, y», y2) € —C(y1) forall » € (0,1) we
have

F(w, yn, y1) € F(w, yr, y») +int C(y1), where y; = Ay + (1 —A)y.
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From now onward, we assume that the set # = {x € X : x € S(x)} is closed and
the multivalued map W : X — 22 is defined by W(x) = Z\(—int C(x)) for all
x € X.

First we present an existence result for a solution of (GVQEP)(I) under u-hemi-
continuity assumption.

Theorem 3.1 Let T : X — 2P be a multivalued map with nonempty compact
values, S : X — 2% a multivalued map with nonempty convex values such that
forall y € X, S7Y(y) is open in X, and the multivalued map W : X — 2% be
upper semicontinuous. Let F : D x X x X — 22 be u-hemicontinuous and type-1
Cx-pseudomonotone both w.rt. T with nonempty values such that the following
conditions hold:

(1) F(t,x,x) CC(x)forallx € X andt € D;
(ii) Foreach (t,x) € D x X, the multivalued map y — F(t, x, y) is Cy-convex;
(iii) For each y € X, the multivalued map (t, x) — F(t, x,y) is upper semicon-
tinuous with compact values;
(iv) There exist a nonempty compact set K C X and a nonempty compact convex
subset M of X such that for each x € X\K, there exists y € M N S(x) such
that F(s,x,y) C —int C(x) forall s € T ().

Then (GVQEP)(I) has a solution.
Proof For each x € X, define two multivalued maps P, Q : X — 2% by
Px)={y€X:F(s,x,y) S —int C(x) foralls e T(y)}
and
Qx)={yeX:F(t,x,y) € —intC(x) forallr € T(x)}.

Since F is type-I pseudomonotone w.r.t. T, P(x) € Q(x) for all x € X. Also,
for all x € X, Q(x) is convex.
Indeed, let y1, y» € Q(x) and A € [0, 1], then by (ii), for each fixed t € T (x),

F(tax7 )\)’1 + (1 - )")yZ) g AF(t,x, )71) + (1 - k)F(t,x, )’2) - C(x)
C —int C(x) — int C(x) — C(x) € —int C(x).

Therefore Ay; + (1 — X)y> € Q(x) and hence Q(x) is convex.

Since for each fixed y € X, the multivalued map (¢, x) — F(¢, x, y) is upper
semicontinuous with compact values and 7'(y) is compact for all y € X, it follows
from Theorem 2.1 or Theorem 1 in Flores-Bazan and Flores-Bazan (2003) that for
each fixed y € X, x — F(T(y),x,y) is an upper semicontinuous multivalued
map with compact values.

Now we show that for all y € X, P7'(y) = {x € X : F(T(y),x,y) C
—int C(x)} is open in X.

Indeed, let x € X\P~1(y), then there exists a net {xy}gea in X\P’l(y)
such that x, — x € X. Therefore, x, € X and F(T (), xo, y) € —int C(xy),
that is, F (T (y), xg, ¥) N [Z\(—int C(xy))] # @. Let z, € F(T(y), x4, y) N
[Z\(—int C(xy))] and L = {x4 : @ € A} U {x}. Then L is compact. Since
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for each fixed y € X,x — F(T(y),x,y) is an upper semicontinuous multi-
valued map with compact values, it follows from Proposition 1.3 in Ansari and
Yao (2003) that F (T (y), L, y) is compact and {zy}yca has a subnet {zaj} such

that Za; > Z € F(T(y),L,y). Since W : X — 2Z and x > F(T(y),x,y)
are upper semicontinuous with closed values, it follows from Theorem 2.1 that W
and x — F(T(y), x, y) are closed. Therefore, z € F(T(y),x,y) N W(x) # ¢
and hence F(T (y), x,y) € —int C(x). This implies that x ¢ P~!(y) and thus
x € X\P~!(y),forall y € X. Therefore X\ P~!(y)is closed forall y € X.Hence
forall y € X, P~!(y) is open in X.

We define

| Sx)NPx) if xeZF
G(x)_[S(x) if x ¢ 7.

By (i), x ¢ Q(x) = coQ(x) for all x € X. Therefore x ¢ coP(x) and thus
x ¢ coG(x) for all x € X. Itis easy to see that

Gl =1ST'MHNPTTMIVIXN\Z) NS (]

Since S’l(y) and P’l(y) are open in X, we have G’l(y) is open in X for all
y € X. Condition (iv) implies for each x € X\K, there exists y € M such
that x € G~1(§). It follows from Theorem 2.2 that there exists X € X such that
G(x) = . Since for all x € X, S(x) is nonempty, we have S(x) N P(x) = ¥ and
x € %. This shows that x € S(x) and for each y € S(x), there exists r € T(y)
such that

F(t,x,y) € —int C(X). 1)
Finally, we show that for each y € S(x), there exists t € T (x) such that
F(t,x,y) € —int C(x). 2)
Suppose to the contrary that there exists € S(x) such that
F(t,x,y) € —int C(x) forallt € T (x).

Since F is u-hemicontinuous w.r.t. 7', there exists § € (0, 1) such that for all
a€(0,8),xy =X+ a(y—x) € SE) and

F(T (xo), X, §) S —int C(¥).
That is,
F(t,%,9) C —int C(x) forallt € T (xy).

Since for each fixed (¢, x) € D x X, y — F(t,x,y) is Cy-convex and by (i), we
have

F(t,%, xq) CaFt, % 9) +( —a)F(t, % %) — CF)
C —int C(¥) + C(¥) — C(¥) C —int C(¥),

for all t € T (xy), which is a contradiction of (1). This completes the proof. O
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Remark 3.1 (a) If S(x) = X forall x € X, then Theorem 3.1 reduces to Theorem
3 in Fu and Wan (2002).

(b) For Different suitable choices of F in Theorem 3.1, we can easily derive the
existence results for solutions of the problems considered in Ansari and Flores-
Bazén (2003), Ansari and Yao (1999, 2003), Chiang et al. (2003), Fu and Wan
(2002), Khanh and Luu (2005) and references therein.

Corollary 3.1 Let L(X, Z) be equipped with the o-topology. Let T : X —
L(X, Z) be a multivalued map with compact values, S : X — 2X a multivalued
map with nonempty convex values such that forall y € X, S~ (y) is open in X, and
the multivalued map W : X — 2 be upper semicontinuous. Let g : X x X — Z
be continuous function such that the following conditions hold:

(1) gx,x) =0 forallx € X;

(ii) Forallx,y € X, (u,y—x)+g(x,y) ¢ —int C(x) for someu € T (x) implies
(v, y—x)+gx,y) ¢ —int C(x) forallv € T (y);

(iii) The multivalued map (t, x,y) +— (t,y — x) + g(x, y) is u-hemicontinuous
w.rt. T, that is, for all x,y € X and o € [0, 1], the multivalued map o +—
(T (xq), y—xo)+8(xq, ¥) is upper semicontinuous, where x, = y+o(x—y);

(iv) Foreach (t,x) € L(X,Z) x X, y — (t,y — x) + g(x, y) is Cyx-convex;

(v) There exist a compact set K C X and a compact convex subset M of X such
that for each x € X\K, there exists y € M N S(x) such that (s,y — x) +
gx,y) € —int C(x) foralls € T(y).

Then there exists x € X such that x € S(x) and for each y € S(x), there exists
t € T(x) satisfying (¢, y — x) + g(x, y) ¢ —int C(x).

Proof Let F(t,x,y) = {{t,y — x) + g(x, y)}. Since g is continuous, it follows
from Lemma 2.1 that for each y € X, (¢, x) — F(¢, x, y) is an upper semicontin-
uous multivalued map with compact values, and the result follows from Theorem
3.1. O

Remark 3.2 From Theorem 3.1 we can easily derive some results on the existence
of solutions of the problems considered in Fu and Wan (2002) and Khanh and Luu
(2005).

Next we establish the existence result for a solution of (GVQEP)(II) under
£-hemicontinuity assumption.

Theorem 3.2 Let T : X — 2P be a multivalued map with nonempty values,
S : X — 2% a multivalued map with nonempty convex values such that for all
y € X, S~(y) is open in X, and the multivalued map W : X — 2% be upper
semicontinuous. Let F = D x X x X — 2% be -hemicontinuous and type-11
Cx-pseudomonotone both w.rt. T with nonempty values such that the following
conditions hold:

1) 0e€ F(t,x,x) S C(x)forallx € X andt € D;
(ii) Foreach (t,x) € D x X, the multivalued map y — F(t, x, y) is concave;
(iii) For each y € X, the multivalued map (t, x) — F(t, x, y) is lower semicon-
tinuous;
(iv) There exist a compact set K € X and a compact convex subset M of X such
that for each x € X\K, there exists y € M N S(x) and s € T (y) such that
F(s,x,y)N(—int C(x)) # @.
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Then (GVQEP)(II) has a solution.
Proof For each x € X, define two multivalued maps P, Q : X — 2X by
P(x)={y e X:F(s,x,y) N (—int C(x)) # ¥ for some s € T(y)}
and
Qx) = {y eX:F(t,x,y)N(—int C(x)) # @ forallt T(x)}.

Since F is type-1I Cy-pseudomonotone w.r.t. T, P(x) € Q(x) forall x € X. Also,
for all x € X, Q(x) is convex.
Indeed, if y1, y2 € Q(x) and A € [0, 1], then for each t € T (x), we have

F(, x,y)N(—=int C(x)) #0@ fori =1,2.
Letu; € F(t,x,y;)N(—int C(x)),i = 1, 2. By (ii), for each fixed (¢, x) € D x X,
Aup+ (A =Nuz € AF(t, x, y1) + (I =W F (@, x, y2) € F(t,x,Ay1 + (1 = 2)y2).
Since C(x) is convex forall x € X, Auj + (1 — Mup € (—int C(x)) and therefore
F(t,x, y1 + (1 — A)y2) N (—int C(x)) # .

Hence Ay; + (1 — X)y2 € Q(x) and thus Q(x) is convex.

By (i), x ¢ Q(x) = coQ(x) for all x € X. Therefore x ¢ coP(x) for all
x € X.From (iii) and Theorem 2.1, we have that foreach y € X, F (T (y), x, y) is
lower semicontinuous.

Now we will show that for all y € X, P~'(y) = {x € X : F(s,x,y) N
(—int C(x)) # ¥ for some s € T (y)} is open in X.

Indeed, let x € X\ P~1(y), then there exists a net {xy}aca in X\ P~ (y) such
that x, — x € X. Therefore x, € X and F(s, xy, y) N (—int C(xy)) = @ for
all s € T(y), that is, F(T(y), x4, y) N (—int C(xy)) = @ which implies that
F(T(), %a, ) € Z\(=int C(xq)) = W(xa). Let z € F(T(y), x, ), then by
the lower semicontinuity of F in the second argument, there exists a net {7y}
such that z, € F(T(y), xq, y) for all @ and zo, — z. Therefore z, € W(xy).
Since W is an upper semicontinuous multivalued map with closed values, it is
closed. Therefore z € W(x) and F(T (y), x,y) € W(x) = Z\(—int C(x)), that
is, F(T(y), x,y) N (—int C(x)) = @ and thus x € X\P~'(y). This shows that
X\P~!(y) is closed for all y € X. Hence P~!(y) is open forall y € X.

We define

SN Px) ifxesF
G(x)_[S(x) if x ¢ 7.

Since for all x € X, x ¢ coP(x) we have that x ¢ coG(x) for all x € X. Itis easy
to see that

G ') ="' NPIMIVIX\Z) NS~ (1.

Since S‘l(y) and P_l(y) are open in X, we have that G‘l(y) is open in X for
all y € X. Condition (iv) implies for each x € X\K, there exists y € M such
that x € G~1(§). It follows from Theorem 2.2 that there exists X € X such that
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G(x) = @. Since for all x € X, S(x) is nonempty, we have S(x) N P(x) = ¥ and
X € %. This shows that X € S(x) and

F(T(y),x,y)N(—=int C(x)) =@ forally € S(x).
Therefore,
F(s,Xx,y)N(=int C(x)) =¥ forally € S(x) and foralls € T(y). (3)
We want to show that
F(it,x,y)N(—int C(x)) =@ forall y € S(x) andall r € T(x). @)
If this is not true, then there exists € S(x) and f € T (x) such that
F(t,x,3) N (—int C(¥)) # 0.

Then F(T (x), x, y)N(—=int C(x)) # @. Letxy = ay+ (Il —a)x,a € [0, 1]. Then
Xo € S(x). Since F is £-hemicontinuous w.r.t. T there exists § > 0 such that

F(T(xy), %, )N (—int C(x)) #@ for0 <a < é.

There exists t; € T (xy) such that F(7;,x,y) N (—int C(x)) # @. Let u €
F(t1,x,y) N (—=int C(x)). Since 0 € F(t;,x,x) and y — F(t1, X, y) is con-
cave, we have that for a € [0, 1],

au=au+ (1 —a)0eaF(t,x,y)+ (1 —a)F(t, X, %)
C F(t1,x,ay + (1 —a)x) = F(t1, x, xq).

Since u € (—int C(x)), we have au € (—int C(x)). Hence
au € F(t1,x,xy) N (—int C(x)) #@ fora € [0, 1] and some #; € T (xy)
This contradicts with (3). Therefore
F(t,x,y)N(—int C(x)) =@ forallt € T(x)andall y € S(x).
This completes the proof. O

Remark 3.3 (a) If F is not necessarily £-hemicontinuous w.r.t. T in Theorem 3.2,
then there exists x € X such that x € S(x) and F (s, x, y) N (—int C(x)) = ¢
forall y € S(x) and for all s € T(y).

(b) Best of our knowledge, no existence result for solutions of generalized vector
quasi-equilibrium problems is appeared in the literature. Therefore Theorem
3.2 is new in this area.

Definition 3.3 Let x € X be any fixed element. A map h : X — Z is said to be
concave if for any y;, y2 € X and A € [0, 1],

Ah(yr) + (1 = Mh(y2) € Ry + (1 = A)y2) + C(x).

The following result can be easily derived from Theorem 3.2.
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Corollary 3.2 Let L(X, Z) be equipped with the o-topology. Let T : X —
L(X, Z) be a multivalued map with nonempty values, S : X — 2% a multivalued
map with nonempty convex values such that forall y € X, S~ (y) is open in X, and
the multivalued map W : X — 2 be upper semicontinuous. Let g : X x X — Z
be continuous function such that the following conditions hold.

(1) gx,x) =0 forallx € X;
(i1) Forallx,y € X, ((u, y—x)+g(x, y))ﬂ(—intC(x)) # () for someu € T (x)
implies ((v, y—x)+g(x, y)) N ( — int C(x)) # P forallv e T(y);
(iii) Foreach (t,x) € D x X, themap y +— (t,y — x) + g(x, y) is concave;
(iv) There exist a compact set K C X and a compact convex subset M of X such
that for each x € X\K, there exist y € M N S(x) and s € T(y) such that
((s.7 —x) + g(x, ) N (—int C(x)) # 0.

Then there exists x € X such that x € S(x) andforall y € S(x) and all s € T (y),
((s,y = %)+ g(x, ») N (—int C(x)) = 0.

Remark 3.4 In addition to the assumption of Corollary 3.2, if

(iv) the multivalued map (¢, x, y) — (t,y — x) + g(x, y) is £-hemicontinuous
w.r.t. T, that is, for all x, y € X and @ € [0, 1], the multivalued map o —
(T (x4), y—Xxq )+ g (x4, ¥) is lower semicontinuous, where x, = y+a(x—y).

Then there exists x € X such that x € S(x) and
((t,y—x)+ g, »)N(—int C(x)) =0 forally € S(x)andallr € T (x).

Proposition 3.1 If F is strong type-III maximal C,-pseudomonotone w.r.t. T, then
(GVQEP)(IlI) is equivalent to the following problem:

Find x € X such that x € S(x) and
(DGVQEP)IV) [ F(t,% y) C C(X) forally e SE) andt € T ().
Proof By strong type-III maximal Cy-pseudomonotone w.r.t. T of F, we have
(GVQEP)(III) implies (DGVQEP)(IV).

If x is a solution of (DGVQEP)(IV), then F(s,x,y) € C(x) forall y € S(x)
andforall¢ € T (y). Since S(x) is convex, we have the line segment (x, y) C S(x).
Therefore for each z in the line segment (x, y] and for all s € T(z), we have
F(s, x,z) € C(x). Since F is strong type-III maximal C,-pseudomonotone w.r.t.
T,wehave F(s, x,y) € C(x)forall y € S(x) andt € T (x). Hence x is a solution
of (GVQEP)(III). O

Following the arguments of the proof of Theorem 3.1 in Lin (2005), we have
the following result.

Proposition 3.2 Let D be a nonempty convex subset of Y. Let C : X — 2% be a
multivalued map such that for each x € X, C(x) is a proper closed convex cone
withint C(x) #@. Let F : D x X x X — 22 and T : X — 2P be multivalued
maps with nonempty values. Assume that the following conditions hold:

(1) Forallt e Dandx,y € X, F(t,y,y) € C(x).
(i1) F is strongly explicit § (Cy)-quasiconvex and type-III C,-pseudomonotone.
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(iii) For eachy € X and s € D, the multivalued map x +— F(s, x,y) is lower
Semicontinuous.
(iv) Foralls e Dandx,y € X, F(s,x,y) = —F(s, y, x).

Then F is strong type-III maximal C,-pseudomonotone.

Proof Assumethatx, y € X, zinthe line segment (x, y]andg € T(2), F(q, x, 2)
C C(x). Then we will have to show that F (¢, x, y) € C(x) forall ¢ € T (x). Sup-
pose that F'(ty, x, y) € C(x) forsometoeT (x). Then F(tg, x, y)N[Z\C(x)] # @.
Since for each x € X, C(x) is closed and by (iii) we have for each x, y € X, there
exists & € (0, 1) such that

F(ty, xo, y) N[Z\ C(x)] # 0, where x, =ay+ (1 —a)x. (®)]
By (ii), either
F(10, xo, y) € F(to, Xa, Xo) + C(x) € C(x) + C(x) € C(x)
or
F(t0, X, X) S F(to, Xa, Xo) + C(x) € C(x) + C(x) S C(x)
The first relation contradicts with (5). Thus we have
F(19, xo, x) S C(x). (6)
Hence F(tg, xo, x) — F(ty, xo, y) € —C(x) follows from (5) and (6). Therefore
F(ty, X, x) C F(to, Xq, Xq) +int C(x) C C(x)+int C(x) € C(x). (7)

Since C(x) is proper, —C (x) N (int C(x)) = W forallx € X.By (7), F(tg, xq, x) &
—int C(x). Hence F (g, x4, x) € —C (x). This contradicts with F (g, x, z) C C(x)
for each z in the line segment (x, y] and all ¢ € T (z). O

Finally we present a result on the existence of a solution of (GVQEP)(III).

Theorem 3.3 Let T : X — 2P be a multivalued map with nonempty compact
values, S : X — 2% a multivalued map with nonempty convex values such that for
all y € X, S™Y(y) is open in X, and the multivalued map C : X — 2% be upper
semicontinuous. Let F : D x X x X — 22 be u-hemicontinuous and type-111
C.-pseudomonotone both w.r.t. T with nonempty values such that the following
conditions hold.

(1) F(t,x,x) S C(x)forallx € Xandt € D;

(ii) For each (t,x) € D x X, the multivalued map y — F(t, x, y) is Cy-quasi-
convex;

(iii) For each y € X, the multivalued map (t, x) — F(t, x, y) is lower semicon-
tinuous with compact values;

(iv) F is strong type-11I maximal Cy-pseudomonotone w.r.t. T;

(v) There exist a nonempty compact set K C X and a nonempty compact convex
subset M of X such that for each x € X\K, there exists y € M N S(x) such
that F(s,x,y) € C(x) forall s € T(y).
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Then (GVQEP)(III) has a solution.
Proof For each x € X, define two multivalued maps P, Q : X — 2X by
P(x)={y€X:F(s,x,y) £ C(x) for some s € T(y)}
and
Ox) = {y eX :F(t,x,y) L C(x)forallt T(x)}.

Since F is type-III C,-pseudomonotone w.r.t. 7, we have P(x) € Q(x) for all
x € X. Also, for all x € X, Q(x) is convex.

Indeed, let y;,y» € Q(x) and A € [0, 1], then F(t,x,y;) £ C(x) and
F(t,x,y;) € C(x) for all t € T(x). Suppose to the contrary that there exist
Mo € [0, 1] and £y € T (x) such that F(tg, x, Agy1 + (1 — Ag9)y2) € C(x). By (ii),
either

F(ty, x, y1) € F(to, x, oy1 + (1 —Ap)y2) + C(x) € C(x) + C(x) € C(x)
or
F(to, x, y2) € F(to, x, Aoy1 + (1 — Ap)y2) + C(x) € C(x).

This leads to a contradiction with F (¢, x, y;) € C(x) forallt € T(x) andi =1, 2.
Therefore, F(t, x, Ay1 + (1 —A)y2) € C(x) forallt € T(x) and for all A € [0, 1].
Hence Q(x) is convex forall x € X.

By (iii) and Theorem 2.1 that for each fixed y € X, the multivalued map
(t,x) — F(T(y), x, y) is lower semicontinuous.

Now we show that for all y € X, P’l(y) ={xeX:F(TWy),x,y) £ Ckx)}
is open in X.

Indeed, if x € X\ P~1(y), then there exists anet {x, } in P~!(y) such that x, —
x € X. Therefore F(T (y), xq,y) € C(xy) and x4 € X. Letz € F(T (y), x, ).
Since for each fixed y € X, x — F(T(y), x, y) is lower semicontinuous, there
exists a net {zo} in F(T(y), x4, y) such that z, — z. Therefore z, € C(xy)
for all . Since C : X — 2% is an upper semicontinuous multivalued map with
closed values, it follows that C is closed and thus z € C(x). Also x € X and
F(T(y),x,y) € C(x). This shows that x € X\P~!(y) and hence X\P~!(y) is
closed for all y € X. Therefore P~!(y) is open forall y € X.

We define

Sx)NPkx) if x e Z,
Glx) = [S(x) if x ¢ 7.

By (i), x ¢ Q(x) = coQ(x) for all x € X. Therefore x ¢ coP(x) and thus
x ¢ coG(x) for all x € X. As in the proofs of Theorems 3.1 and 3.2, we have
G (y)is open in X for all y € X. Condition (iv) implies for each x € X\K,
there exists y € M such that x € G~!(§). It follows from Theorem 2.2 that there
exists X € X such that G(x) = ¢. Since for all x € X, S(x) is nonempty, we have
S(x)N P(x) =¥ and x € .%. From which we have x € S(x) such that

F(s,X,y) CC(x) forally e S(x)ands € T(y). )

This completes the proof. O
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Corollary 3.3 Let L(X, Z) be equipped with the o-topology. Let T : X —
L(X, Z) be a multivalued map with nonempty values, S : X — 2% a multivalued
map with nonempty convex values such that forall y € X, S~ (y) is open in X, and
the multivalued map C : X — 2% be upper semicontinuous. Let g : X x X — Z
be continuous function such that the following conditions hold.

(1) gx,x) =0 forallx € X;
(1) F is strong type-1l1I maximal C-pseudomonotone w.r.t. T, where F(t,x,y)
(tv y = x) + g(-xv y)’
(iii) For each (t,x) € D x X, the multivalued map y — (t,y — x) + g(x, y) is
Cy-quasiconvex;
(iv) There exist a compact subset K of E and a compact convex subset M of X
such that for each x € X\K, there exists y € M N S(x) such that (s, y —x) +

g(x,y) ¢ C(x) for somes € T (y).

Then there exists x € X such that x € S(x) and (¢, y — x) 4+ g(x, y) € C(x) for
all y € S(x) and for all € T(y).

4 Conclusions

In this paper, we considered generalized vector quasi-equilibrium problems for
multivalued maps. We introduced the concept of ¢-hemicontinuity and several
pseudomonotonicities. Under the assumptions of some kind of pseudomonotonic-
ity and u-hemicontinuity/¢-hemicontinuity, we established some existence results
for solutions of our problems. Many existence results for solutions of the vector
quasi-equilibrium problems appeared in the literature can be easily obtained from
the results of this paper. By using the technique of Ansari and Flores-Bazan (2003),
Ansari and Yao (2003) and Lee (2000) and the results of this paper, the existence
results of solutions of vector quasi-optimization problems and vector quasi-saddle
point problems for nondifferentiable and nonconvex functions can be derived.
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