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Abstract In this paper, we study the existence theorems of solution for variational rela-
tion problems. From the existence theorems of solution for variational relation problems,
we study equivalent forms of generalized Fan-Browder fixed point theorem, existence theo-
rems of solutions for Stampacchia vector equilibrium problems and generalized Stampacchia
vector equilibrium problems. Our results contains many orginal results and have many appli-
cations in Nonlinear Analysis.
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1 Introduction

In 1968, Browder [1] established the following celebrated fixed point theorem:

Theorem A (Browder) Let X be a nonempty compact convex subset of a topological vector
space (in short t.v.s.), F : X � X be a multivalued map. Suppose that

(i) F(x) is a nonempty convex subset of X for each x ∈ X;
(ii) F−(y) is open in X for each y ∈ X.

Then there exists x̄ ∈ X such that x̄ ∈ F(x̄).

Browder fixed point theorem is a powerful tool in Mathematics, it has many applications,
generalizations and has many equivalent forms. See Ref. [2] and references therein.

Let X be a set, R(x, y) be a relation linking elements x ∈ X and y ∈ X . A variational
relation problem is formulated as follows:
Find x̄ ∈ X such that R(x̄, y) holds for all y ∈ X .
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Typical instances of variational relation problems are the following:

(i) variational inclusion problem (see Lin and Tu [3], Lin and Chuang [4] and references
therein);

(ii) equilibrium problem (see Blum and Oettli [5]);
(iii) Ekeland’s variational principle (see Lin and Chuang [4]);
(iv) KKM theorem and nonempty intersection theorem (see Yuan [2]);
(v) maximal element theorem and fixed point theorems (see Yuan [2]);

(vi) section properties (see Yuan [2]).

One can see [6–11] for details.
Luc [6], Luc, Sarabi and Soubeyran [7], first studied the existence of solution for varia-

tional relation problem. Lin and Ansari [8], Lin and Wang [9], Balaj and Lin [10] obtained
existence theorems of solutions for variational relation problems and gave their applications
to fixed point theorems, variational inclusion problems and systems of nonempty intersection
theorem.

Let X be a nonempty subset of a topological vector space (in short t.v.s.) E, Z be a topo-
logical space, R(x, z) be a relation linking x ∈ X and z ∈ Z and ρ(x, z, w) be a relation
linking x ∈ X, z ∈ Z and w ∈ Y . Let H, S : X � Z , F : X × Z × Y � V, G : X × Z �
V, T : X × Z � Y , be multivalued maps, Y and V be t.v.s., C : X � V be a multivalued
map such the for each x ∈ X, C(x) is a nonempty closed convex cone in V . Throughout this
paper, we use these notations unless specified otherwise. In this paper, we study the following
generalized maximal element problem:

(GMP) Find x̄ ∈ X such that H(x̄) ∩ S(x̄) = ∅.

From the existence theorem of solution for (GMP), we study the following existence theorems
of solution for variational relation problems.

(VR) Find x̄ ∈ X such that R(x̄, z) does not hold for all z ∈ S(x̄).

From the existence theorem of solution for (VR), we study the following Stampacchia type
vector equilibrium problem.

(GSVEP1) Find x̄ ∈ X such that F(x̄, z, w) �⊆ (−C(x̄)\{0}) for all z ∈ S(x̄) and w ∈
T (x̄, z).

(GSVEP2) Find x̄ ∈ X such that F(x̄, z, w) ∩ (−C(x̄)\{0}) = ∅ for all z ∈ S(x̄) and
w ∈ T (x̄, z).

(GSVEP3) Find x̄ ∈ X such that for each z ∈ S(x̄), there exists w ∈ T (x̄, z) such that
F(x̄, z, w) �⊆ −C(x̄)\{0}.

(GSVEP4) Find x̄ ∈ X such that for each z ∈ S(x̄), there exists w ∈ T (x̄, z) such that
F(x̄, z, w) ∩ (−C(x̄)\{0}) = ∅.

The special cases of (GSVEP1) and (GSVEP2) are the following Stampacchia vector equi-
librium problems.

(SVEP1) Find x̄ ∈ X such that G(x̄, z) �⊆ −C(x̄)\{0} for all z ∈ S(x̄).

(SVEP2) Find x̄ ∈ X such that G(x̄, z) ∩ (−C(x̄)\{0}) = ∅ for all z ∈ S(x̄).

To the best of our knowledge, there are very few results on generalized Stampacchia type
vector equilibrium problems (GSVEP1-4) and Stampacchia vector equilibrium problems
(SVEP1) and (SVEP2). Recently Fu [12], Wang et al. [13], Lin et al. [14,15] studied Gener-
alized Stampacchia vector equilibrium problems and Stampacchia vector equilibrium prob-
lems. But our approach and results are different from Fu [12], Wang et al. [13], Lin et al.
[14,15], Pardalos et al.[16], Giannessi et al.[17], Mauger et al. [18], Lalitha [19].
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In this paper, we apply a generalized Fan-Browder fixed point theorem to study the exis-
tence theorems of solution for generalized maximal element problem, variational relations
problem. We show the equivalent theorems between the existence theorems of solution for
variational relation problems, generalized maximal element theorem and Fan-Browder fixed
point theorem. We also apply the existence theorems of solution for variational relation prob-
lems to study the existence theorems of solution for generalized Stampacchia equilibrium
problems, Stampacchia equilibrium problems, Our results are different from any existence
results in the literature and will have many applications in nonlinear analysis.

2 Preliminaries

Let X and Y be nonempty sets. A multivalued mapping (or simply, a mapping) T : X � Y is
a function from X into the power set of Y . To a mapping T : X � Y , we define T ∗ : Y � X
by T −(y) = {x ∈ X : y ∈ T (x)}, and T ∗(y) = X\T −(y). The set T −(y) is called the fiber
of T on y and T ∗(y) is called cofiber of T on y. For A ⊆ X, T (A) = ∪x∈AT (x) is the
images of A under T . If X and Y are topological spaces, a mapping T : X � Y is said to
be: (i) upper semicontinuous (in short, u.s.c.) (respectively, lower semicontinuous ( in short,
l.s.c.))if for every closed subset B of Y , the set {x ∈ X : T (x) ∩ B �= ∅} (respectively,
{x ∈ X : T (x) ⊆ B}) is closed; (ii) continuous if it is u.s.c. and l.s.c.; (iii) closed if its graph
(that is, the set GrT = {(x, y) ∈ X × Y, y ∈ T (x), x ∈ X}) is a closed subset of X × Y .

For a set X, 〈X〉 will denote the collection of finite subsets of X .
Throughout this paper, all topological spaces are assumed to be Hausdorff. The following
lemma collects know facts about u.s.c. or l.s.c. mappings (see, for instance, [20] for assertion
(i), [21] for assertion (ii) and [22] for assertion (iii)).

Lemma 2.1 Let X and Y be topological spaces and T : X � Y be a mapping.

(i) If T is closed and Y is compact, then T is u.s.c.
(ii) If T has compact values, then T is a upper semicontinuous if and only if for every net

{xt } in X converging to x ∈ X and for any net {yt } with yt ∈ T (xt ), there exist y ∈ T (x)

and a subnet {ytα } of {yt } converging to y.
(iii) T is l.s.c. if and only if for any x ∈ X, y ∈ T (x) and any net {xt }t∈� converging to x,

there exists a net {yt } converging to y, with yt ∈ T (xt ) for each t ∈ �.

The following Lemma is a particular case of Proposition 2 in [23].

Lemma 2.2 Let X be a nonempty convex subset of a t.v.s. E, Z be a topological space. The
following assertions are equivalent

(i) S has convex cofibers;
(ii) for each nonempty finite subset N of X, S(coN ) ⊆ S(N ).

The following Lemma is a special case of Theorem 4 [23].

Theorem 2.1 (Generalized Fan Browder fixed point theorem) Let X be a closed convex
subset of a t.v.s., E, A, X � X be a multivalued map satisfying the following conditions:

(i) A(x) is a nonempty convex subset of X for each x ∈ X;
(ii) A−(y) is open for each y ∈ X;

(iii) there exist a nonempty compact subset K of X and a nonempty compact convex subset
D of X such that

D\K ⊆ ∪{A−(y) : y ∈ D}.
Then there exists x̄ ∈ X such that x̄ ∈ A(x̄).
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Definition 1 Let Y and Z be convex sets in vector spaces. A mapping Q : Y � Z is said
to be quasiconcave if Q(y1) ⊆ B and Q(y2) ⊆ B implies that Q(λy1 + (1 − λ)y2) ⊆ B for
all convex set B ⊆ Z , y1, y2 ∈ Y and 0 ≤ λ ≤ 1.

3 Existence theorems of variational relation problems

Theorem 3.1 Let X be a nonemtpy closed convex subset of a t.v..s, E, Z be a compact
topological space. Suppose that

(i) S(x) is a closed set for each x ∈ X and H is a closed multiavlued map;
(ii) for each x ∈ X, there exists y ∈ X such that H(x) ∩ S(y) = ∅.

(iii) for each x ∈ X, there set
{y ∈ X : H(x) ∩ S(y) = ∅} is convex;

(iv) there exist a nonempty compact subset K of X and a nonempty compact convex subset
D of X such that for each x ∈ D\K , there exists y ∈ D such that for all z ∈ S(y), z /∈
H(x).

Then there exists x̄ ∈ X such that H(x̄) ∩ S(x̄) = ∅.

Proof Let A : X � X be defined by

A(x) = {y ∈ X : H(x) ∩ S(y) = ∅}.
Since H is closed and Z is a compact set, by Lemma 2.1, H is u.s.c. By (i), each y ∈ X, S(y)

is a closed set and

A−(y) = {x ∈ X : H(x) ∩ S(y) = ∅}
is open in X .
By (ii), for each x ∈ X, A(x) �= ∅.
By (iii), for each x ∈ X, A(x) is a convex set.
By (iv), for each x ∈ D\K , there exists y ∈ D such that x ∈ A−(y). That is D\K ⊂
Uy∈D A−(y).

Then it follows from Theorem 2.1, there exists x̄ ∈ X such that x̄ ∈ A(x̄). Therefore
H(x̄) ∩ S(x̄) = ∅. 
�
Remark 3.1 In Theorem 3.1, if H(x1) = ∅ for some x1 ∈ X , then H(x1) ∩ S(x1) = ∅, and
Theorem 3.1 holds.

Remark 3.2 Theorem 2.1 and 3.1 are equivalent.

Proof We see Theorem 2.1 implies Theorem 3.1. Suppose that all the conditions of Theo-
rem 2.1 are satisfied. Let S, H : X � X be defined by H(x) = {x} and A−(y) = X\S(y).
Then H is closed and for each y ∈ X, S(y) is closed. Since A(x) �= ∅ for each x ∈ X , there
exists y ∈ X such that x ∈ A−(y). Then for each x ∈ X , there exists y ∈ X such that

H(x) ∩ S(y) = {x} ∩ S(y) ⊆ A−(y) ∩ S(y) = ∅.

For each x ∈ X ,

{y ∈ X : H(x) ∩ S(y) = ∅} = {y ∈ X : x /∈ S(y)}
= {y ∈ X : x ∈ A−(y)} = A(x) is convex.
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By (iii), for each x ∈ D\K , there exists y ∈ X such that H(x) ∩ S(y) = ∅.
Then by Theorem 3.1, there exists x̄ ∈ X such that H(x̄)∩ S(x̄) = ∅. Therefore x̄ ∈ A(x̄)

and Theorem 2.1 follows.
By Theorem 3.1, we have the following existence theorem of solution for variational

relation problem. 
�
Theorem 3.2 Let X be a nonempty closed convex subset of a t.v.s. E, Z be a compact
topological space. Suppose that

(i) R is closed in both variables and S(x) is a closed subset of Z for each x ∈ X;
(ii) for each x ∈ X, there exists y ∈ X such that R(x, z) does not hold for all z ∈ S(y);

(iii) for each x ∈ X,
{y ∈ X : R(x, z) does not hold for all z ∈ S(y)} is convex;

(iv) there exist a nonempty compact subset K of X and a nonempty compact convex subset D
of X such that for each x ∈ D\K , there exists y ∈ D such that for each z ∈ S(y), R(x, z)
does not hold.

Then there exists x̄ ∈ X such that R(x̄, z) does not hold for all z ∈ S(x̄).

Proof Let H : X � X be defined by

H(x) = {z ∈ Z : R(x, z) holds}.
Then H is closed. Indeed, let (x, z) ∈ Gr H , then there exists a net {(xα, zα)}α∈� in Gr H
such that R(xα, zα) holds, zα ∈ Z and (xα, zα) → (x, z). Since Z is a closed set and R is
closed in the first and second variables, we see z ∈ Z , R(x, z) holds, and (x, z) ∈ Gr H .
Therefore Gr H is a closed set and H is closed. By (ii), for each x ∈ X , there exists y ∈ X
such that H(x)∩ S(y) = ∅. By (iii), for each x ∈ X, {y ∈ X : H(x)∩ S(y) = ∅} is convex.
By (iv), for each x ∈ D\K , there exists y ∈ D such that for each z ∈ S(y), z /∈ H(x).

Then by Theorem 3.1, there exists x̄ ∈ X such that R(x̄, z) does not hold for all z ∈ S(x̄).

�

Remark 3.3 Theorems 3.1 and 3.2 are equivalent.

Proof We see Theorem 3.1 ⇒ Theorem 3.2. Now suppose that all the conditions of Theo-
rem 3.2 are satisfied. Let the relation R be defined by R(x, z) holds ⇔ z ∈ H(x).

Condition (i) of Theorem 3.1 implies R is closed in both variables. Condition (ii) of The-
orem 3.1, implies condition (ii) of Theorem 3.2. Conditions (iii) and (iv) of Theorem 3.1
imply conditions (iii) and (iv) of Theorem 3.2 respectively. By Theorem 3.2, there exists
x̄ ∈ X such that R(x̄, z) does not hold for all z ∈ S(x̄). Therefore H(x̄) ∩ S(x̄) = ∅ and
Theorem 3.1 follows. 
�
Theorem 3.3 Theorem 3.2, is true if condition (iii) of Theorem 3.2, is replaced by (iii′),
where

(iii′) One of the following conditions holds:
(iii′a) S has convex cofibers;
(iii′b) S is quasiconcave and for each x ∈ X, the set {z ∈ Z : R(x, z) does not holds} is

convex.

Proof For each x ∈ X , let H(x) and M(x) be defined by

H(x) = {z ∈ Z : R(x, z) holds}
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and

M(x) = {y ∈ X : H(x) ∩ S(y) = ∅}.
Then for each x ∈ X, M(x) is convex set. Indeed, let y1, y2 ∈ M(x) and λ ∈ [0, 1].

Then S(yi ) ⊆ H(x)c for i = 1, 2, where H(x)c = Z\H(x). If (iii′a) holds, by Lemma 2.2,

S(λy1 + (1 − λ)y2) ⊆ S(y1) ∪ S(y2) ⊆ H(x)c.

Then H(x) ∩ S(λy1 + (1 − λ)y2) = ∅ and λy1 + (1 − λ)y2 ∈ M(x). If (iii′b) holds, then
H(x)c is a convex set.
Since S is quasiconcave,
S(λy1 + (1 − λ)y2) ⊆ H(x)c and
H(x) ∩ S(λy1 + (1 − λ)y2) = ∅. Therefore
λy1 + (1 − λ)y2 ∈ M(x) and M(x) is a convex set for each x ∈ X and Theorem 3.3 follows
from Theorem 3.1.

As applications of Theorem 3.2, we study the following existence theorems of solution
for generalized variational relation problems. 
�
Theorem 3.4 Let X be a nonempty closed convex subset of a t.v.s., E, Z be a compact
topological space. Let Y be a topological space. Suppose that

(i) ρ is closed in all variables, T is l.s.c. and S(x) is a closed subset of Z for each x ∈ X;
(ii) for each x ∈ X, there exists y ∈ X such that for each z ∈ S(y), there exists w ∈ T (x, z)

such that ρ(x, z, w) does not hold;
(iii) for each x ∈ X, the set

{y ∈ X : for each z ∈ S(y), there exists w ∈ T (x, z) such that ρ(x, z, w) does not hold}
is convex.

(iv) there exist a nonempty compact subset K of X and a nonempty compact convex subset
D of X such that for each x ∈ D\K , there exists y ∈ D such that for each z ∈ S(y),
there exists w ∈ T (x, z) such that ρ(x, z, w) does not hold.

Then there exists x̄ ∈ X such that for each z ∈ S(x̄), there exists w ∈ T (x̄, z) such that
ρ(x̄, z, w) does not hold.

Proof Let the relation R be defined by

R(x, z) holds ⇔ ρ(x, z, w) holds for all w ∈ T (x, z).

Then we follow the same argument as in Theorem 3.4 [8], we can show that R is closed in
both variables. Then Theorem 3.4 follows from Theorem 3.2. 
�
Theorem 3.5 Let X, Z , Y and S be the same as in Theorem 3.4. Suppose that

(i) ρ is closed in all variables, T is a u.s.c. multivalued map with nonempty compact values
and S(x) is a closed subset of Z for each x ∈ X ;

(ii) for each x ∈ X , there exists y ∈ X such that for each z ∈ S(x), w ∈ T (x, z),
ρ(x, z, w) does not hold;

(iii) for each x ∈ X , the set
{y ∈ X : ρ(x, z, w) does not hold for all z ∈ S(y) and w ∈ T (x, z)} is convex;

(iv) there exist a nonempty compact subset K of X and a nonempty compact convex subset
D of X such that for each x ∈ D\K , there exists y ∈ D such that ρ(x, z, w) does not
hold for all z ∈ S(y) and w ∈ T (x, z).

Then there exists x̄ ∈ X such that ρ(x̄, z, w) does not hold for each z ∈ S(x̄) and w ∈ T (x̄, z).
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Proof Let relation R be defined by

R(x, z) hold ⇔ ρ(x, z, w) holds for some w ∈ T (x, z).

Then R is closed in the first and second variables. Indeed, if {(xα, zα)}α∈� be any net in
X × Z such that (xα, zα) → (x, z), then ρ(xα, zα,wα) holds for some wα ∈ T (xα, zα). By
(i) and Lemma 2.1, there exists z ∈ T (x, z) and {wα}α∈� has a subnet {wαλ}αλ∈A such that
wαλ → w. We see ρ(xαλ, zαλ, wαλ) holds. By (i), ρ(x, z, w) holds for some x ∈ T (x, z).
Therefore ρ is closed in all the variables. Then Theorem 3.5, follows from Theorem 3.2. 
�
Theorem 3.6 Let X be a nonempty closed convex subset of a t.v.s. E, Z be a compact
topological space. Suppose that

(i) R is closed in the second variable and H is a closed multivalued map;
(ii) for each x ∈ X, there exists y ∈ X such that R(y, z) does not hold for all z ∈ H(x);

(iii) for each x ∈ X and z ∈ H(x),
{y ∈ X : R(y, z) does not hold for all z ∈ H(x)} is convex;

(iv) there exist a nonempty compact subset K of X and a nonempty compact convex subset
D of X such that for each x ∈ D\K , there exists y ∈ D and for each z ∈ H(x), R(y, z)
does not hold.

Then there exists x̄ ∈ X such that R(x̄, z) does not holds for all z ∈ H(x̄).

Proof Let S : X � Z be defined by

S(y) = {z ∈ Z : R(y, z) holds}.
By (i), S(y) is a closed set for each y ∈ X .
By (iii), for each x ∈ X ,

{y ∈ X : R(y, z) does not holds for all z ∈ H(x)}
= {y ∈ X : S(y) ∩ H(x) = ∅}

By (iv), for each x ∈ X\K , there exists y ∈ D such that

H(x) ∩ S(y) = ∅.

Then by Theorem 3.1, there exists x̄ ∈ X such that H(x̄) ∩ S(x̄) = ∅. Therefore R(x̄, z)
does not hold for all z ∈ H(x̄). 
�
Remark 3.4 Theorems 3.1, 3.2 and 3.6 are equivalent.

Proof We see that Theorem 3.1 ⇒ Theorem 3.6. Suppose that all conditions of Theorem 3.1
are satisfied. Let R be defined by

R(x, z) holds ⇔ z ∈ S(x).

By (i) of Theorem 3.1, for each x ∈ X, R(x, ·) is closed in the second variable. By (ii), for
each x ∈ X , there exists y ∈ X such that R(y, z) does not hold for all z ∈ H(x). Conditions
(iii) and (iv) of Theorem 3.1 imply conditions (iii) and (iv) of Theorem 3.6 respectively. Then
by Theorem 3.6, we prove Theorem 3.1. Therefore Theorem 3.1 and 3.6 are equivalent. We
have shown that Theorem 3.1 ⇔ Theorem 3.2. 
�
Remark 3.5 In Theorem 3.2, R is closed in all variables and S(y) is a closed set for each
y ∈ X , but in Theorem 3.6, R is closed in the second variable and H is closed, the other
conditions of these two theorems are also different.
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Theorem 3.7 Let X, E, Z and H be the same as in Theorem 3.6. Let Y be a topological
space. Suppose that

(i) ρ is closed in the second and third variables, H is a closed multivalued map and T is a
l.s.c. multivalued map;

(ii) for each x ∈ X, there exists y ∈ X such that for each z ∈ H(x), there exists w ∈ T (x, z)
such that ρ(y, z, w) does not hold;

(iii) for each x ∈ X, the set
{y ∈ X : for each z ∈ H(x) there exists w ∈ T (x, z) such that ρ(y, z, w) does not hold}
is convex;

(iv) there exist a nonempty compact subset K of X and a nonempty compact convex subset
D of X such that for each x ∈ D\K , there exists y ∈ D and for each z ∈ H(x), there
exists w ∈ T (x, z) such that ρ(y, z, w) does not hold.

Then there exists x̄ ∈ X such that for each z ∈ H(x̄), there exists w ∈ T (x̄, z) such that
ρ(x̄, z, w) does not hold.

Proof We apply Theorem 3.7 and follow the same argument as in Theorem 3.4, we can prove
Theorem 3.7.

Theorem 3.8 In Theorem 3.7, if conditions (i), (ii), (iii) and (iv) are replaced by (i′), (ii′),
(iii′) and (iv′). Then there exists x̄ ∈ X such that ρ(x̄, z, w) does not hold for all z ∈ H(x̄)

and w ∈ T (x̄, z), where

(i′) ρ is closed in the second and third variables, H is a closed multivalued map and T is
a u.s.c. multivalued map with nonempty compact values;

(ii′) for each x ∈ X, there exists y ∈ X such that ρ(y, z, w) does not hold for all z ∈
H(x), w ∈ T (x, z).

(iii′) for each x ∈ X, the set
{y ∈ X : ρ(y, z, w) does not hold for all z ∈ H(x) and w ∈ T (x, z)} is convex.

(iv′) there exist a nonempty compact subset K of X and a nonempty compact convex subset
D of X such that for each x ∈ D\K , there exists y ∈ D for which ρ(y, z, w) does not
hold for all z ∈ H(x) and w ∈ T (x, z).

Then there exists x̄ ∈ X such that for each ρ(x̄, z, w) does not holds for all z ∈ H(x̄) and
w ∈ T (x̄, z).

Proof We apply Theorem 3.6 and follow the same argument as in Theorem 3.5, we can prove
Theorem 3.8. 
�
Theorem 3.9 Theorems 3.1, 3.2 3.3, 3.4, 3.6, 3.7, 3.8 are equivalent to generalized Fan-
Browder fixed point theorem (Theorem 2.1).

Proof We see from Remarks 3.2, 3.3, 3.4, Theorem 2.1 ⇔ Theorem 3.1 ⇔ Theorem 3.6 ⇔
3.2. We see Theorem 3.2 ⇒ Theorem 3.4. Theorem 3.2 ⇒ 3.5.

It suffices to prove Theorem 3.8 ⇒ Theorem 3.6 and Theorem 3.7 ⇒ Theorem 3.6, and
Theorems 3.4, 3.5 ⇒ 3.2.

Sppose all conditions of Theorem 3.6, let T (z, w) = {w0} for some w0 ∈ Y and
ρ(t, z, w) = R(x, z) for all (x, z, w) ∈ X × Z × Y . Then by Theorem 3.7 or Theorem 3.8,
we can prove Theorem 3.6. Similarly, we can prove Theorem 3.4 ⇒ 3.2, Theorem 3.5 ⇒
Theorem 3.2. 
�
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Definition 3 [10] Let Z and V be nonempty convex sets in two vector spaces and M ⊆ Z×V .
We say that M is (z, v) convex if for each (z1, v1), (z2, v2) ∈ M and for any z ∈ [z1, z2], there
exists v ∈ [v1, v2] such that (z, v) ∈ M , where [z1, z2] = {z : ·z = λz1 + (1 − λ)z2, 0 ≤
λ ≤ 1}.
Remark 3.6 Condition (iii) of Theorem 3.4 is satisfied if one of the following conditions
holds:

(iii′a) S has convex cofibers;
(iii′b) S is quasiconcave and for each x ∈ X, z1, z2 ∈ Z , 0 ≤ λ ≤ 1, λT (x, z1) + (1 −

λ)T (x, z2) ⊆ T (x, λz1 + (1 − λ)z2), and the set

N (x) = {(z, v) ∈ Z × V : ρ(x, z, v) does not hold} is (z, v) − convex.

Proof For each x ∈ X . Let H(x) and M(x) be defined by H(x)c = {z ∈ Z : there exists
v ∈ T (x, z) such that ρ(x, z, v) does not hold} and H(x) = Z\H(x)c and M(x) = {y ∈
X : H(x) ∩ S(y) = ∅}.

If (iii′b) holds, then H(x)c is a convex set. Indeed, let z1, z2 ∈ H(x)c and 0 ≤ λ ≤ 1. Then
there exists w1 ∈ T (x, z1) and v2 ∈ T (x, z2) such that ρ(x, z1, v1) and ρ(x, z2, w2) do not
hold. Hence (z1, v1) (z2, v2) ∈ N (x). Since N (x) is (z, v)-convex, for any z ∈ [z1, z2], there
exists v ∈ [v1, v2] such that ρ(x, z, v) does not hold.

v = λv1 + (1 − λ)v2 ∈ λT (x, z1) + (1 − λ)T (x, z1) ⊆ T (x, λz1 + (1 − λ)z2) = T (x, z).

This shows that H(x)c is a convex set. Then we follow the same argument as in Theorem 3.3,
we prove Remark 3.6. 
�

4 Generalized Stampacchia type vector equilibrium problem

As applications of Theorems 3.4 and 3.5, we study the existence theorems of solution for
generalized Stampacchia vector equilibrium problems.

Theorem 4.1 Let X, Z , Y and S be the same as in Theorem 3.5. Let V be a t.v.s. Suppose
that

(i) F is l.s.c., T is u.s.c. multivalued map with nonempty compact values, C is closed and
S(x) is a closed set in Z for each x ∈ X;

(ii) for each x ∈ X, there exists y ∈ X such that F(x, z, w) �⊆ −C(x) for all z ∈ S(y) and
all w ∈ T (x, z);

(iii) for each x ∈ X, the set
{y ∈ X : F(x, z, w) �⊆ −C(x) for all z ∈ S(y) and for all w ∈ T (x, z)} is convex.

(iv) there exist a nonempty compact subset K of X and a nonempty compact convex subset
D of X such that for each x ∈ D\K , there exists y ∈ D such that
F(x, z, w) �⊆ −C(x) for all z ∈ S(y) and all w ∈ T (x, z).

Then there exists x̄ ∈ X such that F(x̄, z, w) �⊆ −C(x̄)\{0} for all z ∈ S(x̄) and all
w ∈ T (x̄, z).

Proof Let the relation ρ be defined by

ρ(x, z, w) holds ⇔ F(x, z, w) ⊆ −C(x).
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Then ρ is closed in all variables. Indeed, let {(xα, zα,wα)}α∈� be any net in X × Z × Y such
that ρ(xα, zα,wα) holds and (xα, zα,wα) → (x, z, w). Then

F(xα, zα,wα) ⊆ −C(xα) for all α ∈ �.

Let v ∈ F(x, z, w). By (i) and Lemma 2.1, there exists a net {vα}α∈λ such that vα ∈
F(xα, zα,wα) and vα → v. One has vα ∈ −C(xα). Since C is closed, v ∈ −C(x). Therefore
F(x, z, v) ⊆ −C(x). This shows that ρ is closed in all variables. All the other conditions
of Theorem 3.5 are easily checked. Then by Theorem 3.5. There exists x̄ ∈ X such that
F(x̄, z, w) �⊆ −C(x̄) for each z ∈ S(x̄) and w ∈ T (x̄, z). Therefore,

F(x̄, z, w) �⊆ (−C(x̄)\{0}) for all z ∈ S(x̄) and w ∈ T (x̄, z) 
�
Remark 4.1 By Theorem 3.3, we see that condition (iii) of Theorem 4.1 is satisfied if one of
the following conditions is satisfied:

(iiia) S has convex cofibers;
(iiib) S is quasicave and for each x ∈ X, w ∈ Y , each z1, z2 ∈ Z , λ ∈ [0, 1] either

F(x, z1, w) ⊆ F(x, λz1 + (1 − λ)z2, w)

or

F(x, z2, w) ⊆ F(x, λz2 + (1 − λ)z2, w)

Theorem 4.2 In Theorem 4.1, suppose that

(i) F and T are u.s.c. multivalued maps with nonempty compact values, C is closed and
S(x) is a closed set in Z for each x ∈ X;

(ii) for each x ∈ X, there exists y ∈ X such that F(x, z, w) ∩ [−C(x)] = ∅ for each
z ∈ S(y) and w ∈ T (x, z);

(iii) for each x ∈ X, the set
{y ∈ X : F(x, z, w)∩[−C(x)] = ∅ for all z ∈ S(y) and for all w ∈ T (x, z)} is convex.

(iv) there exist a nonempty compact subset K of X and a nonempty compact convex subset D
of X such that for each x ∈ D\K , there exists y ∈ D such that F(x, z, w)∩(−C(x)) = ∅
for all z ∈ S(y) and all w ∈ T (x, z).

Then there exists x̄ ∈ X such that F(x̄, z, w) ∩ (−C(x̄)\{0}) = ∅ for all z ∈ S(x̄) and all
w ∈ T (x̄, z).

Proof Let the relation ρ be defined by

ρ(x, z, w) holds ⇔ F(x, z, w) ∩ (−C(x)) �= ∅.

Then ρ is closed in all variables. Indeed, let {(xα, zα,wα)}α∈� be any net in X × Z × W
such that (xα, zα,wα) → (x, z, w) and ρ(xα, zα,wα) holds. Then

F(xα, zα,wα) ∩ (−C(xα)) �= ∅.

Let vα ∈ F(xα, zα,wα) ∩ (−C(xα)), then vα ∈ F(xα, zα,wα). Since F is a u.s.c. multival-
ued map with nonempty compact values, it follows from Lemma 2.1, {vα}α∈� has a subnet
{vαλ}αλ∈� such that vαλ → v ∈ F(x, z, w).

Since vαλ ∈ −C(xαλ) and C is closed, we have v ∈ −C(x). Therefore v ∈ F(x, z, w) ∩
(−C(x)) �= ∅ and ρ(x, z, w) holds. This shows that ρ is closed in all the variables. All other
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conditions of Theorem 3.5 are easily checked. Then by Theorem 3.5, there exists x̄ ∈ X such
that

F(x̄, z, w) ∩ (−C(x̄)\{0}) = ∅ for all z ∈ S(x̄) and w ∈ T (x̄, z).


�
Remark 4.2 By Theorem 3.3, we see that condition (iii) of Theorem 4.2 holds if one of the
following conditions hold:

(iiia) S has convex cofibers;
(iiib) S is quasiconcave and for each x ∈ X, w ∈ Y , each z1, z2 ∈ Z , λ ∈ [0, 1] either

F(x, λz1 + (1 − λ)z2, w) ⊆ F(x, z1, w)

or

F(x, λz1 + (1 − λ)z2, w) ⊆ F(x, z2, w)

For the special cases of Theorem 4.1 and 4.2, we have the following existence theorems
of solution for the Stampacchia type vector equilibrium problems.

Theorem 4.3 Let X, Z , S be the same as in Theorem 3.5. Let V be a t.v.s.. Suppose that

(i) G is l.s.c., C is closed and S(x) is a closed set for each x ∈ X;
(ii) for each x ∈ X, there exists y ∈ X such that G(x, z) �⊆ −C(x) for all z ∈ S(y);

(iii) for each x ∈ X, the set
{y ∈ X : G(x, z) �⊆ −C(x) for all z ∈ S(y)} is convex;

(iv) there exist a nonempty compact subset K of X and a nonempty compact convex subset
D of X such that for each x ∈ D\K , there exists y ∈ D such that G(x, z) �⊆ −C(x) for
all z ∈ S(y).

Then there exists x̄ ∈ X such that G(x̄, z) �⊆ −C(x̄)\{0} for all z ∈ S(x̄).

Proof Let y0 ∈ Y, F : X × Z × Y � V be defined by F(x, z, w) = G(x, z) and T :
X × Z � Y be defined by T (x, z) = {y0} for all (x, z) ∈ X × Z .

Then Theorem 4.3 follows from Theorem 4.1. 
�
Theorem 4.4 In Theorem 4.3, if conditions (i), (ii), (iii) and (iv) are replaced by (i′), (ii′),
(iii′) and (iv′) respectively, where

(i′) G is an u.s.c. multivalued map with nonempty compact values, C is closed and S(x) is
a closed set for each x ∈ X;

(ii′) for each x ∈ X, there exists y ∈ X such that G(x, z) ∩ (−C(x)) = ∅ for all z ∈ S(y);
(iii′) for each x ∈ X, the set

{y ∈ X : G(x, z) ∩ (−C(x)) = ∅ for all z ∈ S(y)} is a convex set;
(iv′) there exist a nonempty compact subset K of X and a nonempty compact convex subset D

of X such that for each x ∈ D\K , there exists y ∈ D such that G(x, z)∩ (−C(x)) = ∅
for all z ∈ S(x).

Then there exists x̄ ∈ X such that G(x̄, z) ∩ (−C(x̄)\{0}) = ∅ for all z ∈ S(x̄).

Proof We apply Theorem 4.2 and follow the same arguments as in Theorem 4.3, we can
prove Theorem 4.4. 
�
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Theorem 4.5 Let X, Z , Y and V be the same as in Theorem 3.4. Suppose that

(i) F and T are l.s.c., C is closed and S(x) is a closed set in Z for each x ∈ X;
(ii) for each x ∈ X, there exists y ∈ X such that for each z ∈ S(y), there exists w ∈ T (x, z)

such that F(x, z, w) �⊆ −C(x);
(iii) for each x ∈ X, the set

{y ∈ X : for each z ∈ S(y), there exists w ∈ T (x, z) such that F(x, z, w) �⊆ −C(x)} is
convex;

(iv) there exist a nonempty compact subset K of X and a nonempty compact convex subset
D of X such that for each x ∈ D\K , there exists y ∈ D such that for each z ∈ S(y),
there exists w ∈ T (x, z) with F(x, z, w) �⊆ −C(x).

Then there exists x̄ ∈ X such that for each z ∈ S(x̄), there exists w ∈ T (x̄, z) with
F(x̄, z, w) �⊆ −C(x̄)\{0}.
Proof We apply Theorem 3.4 and follow similar arguments as in Theorem 4.1, we can prove
Theorem 4.5. 
�
Remark 4.3 Condition (iii) of Theorem 4.5 is satisfied if (iii′a) or (iii′b) with “ρ(x, z, w) holds
⇔ F(x, z, w) ⊆ −C(x)” in Remark 3.6 is satisfied.

Theorem 4.6 In Theorem 4.5, if condition (i), (ii), (iii) and (iv) are replaced by (i′), (ii′),
(iii′) and (iv′) respectively, where

(i′) F is a u.s.c. multivalued map with nonempty compact values, T is l.s.c., C is a closed
map and S(x) is a closed set in Z for each x ∈ X;

(ii′) for each x ∈ X, there exists y ∈ X such that for each z ∈ S(y), there existsw ∈ T (x, z)
with F(x, z, w) ∩ (−C(x)) = ∅;

(iii′) for each x ∈ X, the set
{y ∈ X : for each z ∈ S(y), there existrs w ∈ T (x, z) with F(x, z, w)∩(−C(x)) = ∅}
is convex;

(iv′) there exist a nonempty compact subset K of X and a nonempty compact convex subset
D of X such that for each x ∈ D\K , there exists y ∈ D such that for each z ∈ S(y),
there exists w ∈ T (x, z) with F(x, z, w) ∩ (−C(x)) = ∅.

Then there exists x̄ ∈ X such that for each z ∈ S(x̄), there exists w ∈ T (x̄, z) with
F(x̄, z, w) ∩ (−C(x̄)) = ∅.

Proof We apply Theorem 3.5 and follow similar arguments as in Theorem 4.2, we can prove
Theorem 4.6. 
�
Remark 4.4 Condition (iii) in Theorem 4.6 is satisfied if either (iii′a) or (iii′b) with
“ρ(x, z, w) holds ⇔ F(x, z, w) ∩ (−C(x)) �= ∅” in Remark 3.6 is satisfied.

Theorem 4.7 Let X be a nonempty closed convex subset of a t.v.s. E, V be t.v.s., Z be a
compact topological space. Suppose that

(i) for each x ∈ X, (z, w) � F(x, z, w) is l.s.c., z � T (x, z) is a u.s.c. multivalued map
with nonempty compact values and H and C are closed multivalued maps;

(ii) for each x ∈ X, there exists y ∈ X such that F(y, z, w) �⊆ −C(x) for all z ∈ H(x),

and for all w ∈ T (x, z)
(iii) for each x ∈ X, z ∈ H(x), w ∈ T (x, z)

{y ∈ X : F(y, z, w) �⊆ −C(x)} is convex;
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(iv) there exist a nonempty compact subset K of X and a nonempty compact convex subset
D of X such that for each x ∈ D\K , there exists y ∈ D for which
F(y, z, w) �⊆ −C(x) for all z ∈ H(x) and w ∈ T (x, z).

Then there exists x̄ ∈ X such that F(x̄, z, w) �⊆ −C(x̄)\{0} for all z ∈ H(x̄) and w ∈
T (x̄, z).

Proof We apply Theorem 3.8 and follow the same arguments as in Theorem 4.1, we can
prove Theorem 4.7. 
�
Remark 4.5 Condition (iii) of Theorem 4.7 is satisfied if for each y1, y2 ∈ X, λ ∈ [0, 1],
either F(y1, z, w) ⊆ F(λy1 + (1 − λ)y2, z, w) or F(y2, z, w) ⊆ F(λy1 + (1 − λ)y2, z, w).

Theorem 4.8 In Theorem 4.7, if conditions (i), (ii), (iii) and (iv) are replaced by (i′), (ii′),
(iii′) and (iv′) respectively, where

(i′) for each x ∈ X, (z, w) � F(x, z, w) is l.s.c., z � T (x, z) is l.s.c., H and C are
closed;

(ii′) for each x ∈ X, there exists y ∈ X such that for each z ∈ H(x) there exists w ∈ T (x, z)
such that F(y, z, w) �⊆ −C(x);

(iii′) for each x ∈ X, the set
{y ∈ X : for each z ∈ H(x), there exists w ∈ T (x, z) such that F(y, z, w) �⊆ −C(x)}
is convex;

(iv′) there exist a nonempty compact subset K of X and a nonempty compact convex subset
D of X such that for each x ∈ D\K , there exists y ∈ D and for each z ∈ H(x), there
exists w ∈ T (x, z) such that F(y, z, w) �⊆ −C(x).

Then there exists x̄ ∈ X such that for each z ∈ H(x̄), there exists w ∈ T (x̄, z) such that
F(x̄, z, w) �⊆ −C(x̄)\{0}.
Proof We apply Theorem 3.7 and follow the same arguments as in Theorem 4.5, we can
prove Theorem 4.8. 
�
Remark 4.6 Condition (iii) of Theorem 4.8 is satisfied if condition either (iii′a) or (iii′b)
(iii′ + b) with “ρ(x, z, w) holds ⇔ F(x, z, w) ⊆ −C(x)” in Remark 3.6 is satisfied.

Theorem 4.9 In Theorem 4.7, if conditions (i), (ii), (iii) and (iv) are replaced by (i′), (ii′),
(iii′) and (iv′) respectively, where

(i′) for each x ∈ X, (z, w) � F(x, z, w) is a u.s.c. multivalued map with nonempty
compact values, T is a u.s.c. multivalued map with compact values, H and C are
closed;

(ii′) for each x ∈ X, there exists y ∈ X such that F(y, z, w) ∩ (−C(x)) = ∅ for all
z ∈ H(x) and w ∈ T (x, z);

(iii′) for each x ∈ X, each z ∈ H(x), w ∈ T (x, z), the set
{y ∈ X : F(y, z, w) ∩ (−C(x)) = ∅} is convex;

(iv′) there exist a nonempty compact subset K of X and a nonempty compact convex subset
D of X such that for each x ∈ D\K , there exists y ∈ D and for each z ∈ H(x), and
each w ∈ T (x, z), F(y, z, w) ∩ (−C(x)) = ∅.

Then there exists x̄ ∈ X such that F(x̄, z, w) ∩ (−C(x̄)\{0}) = ∅ for all z ∈ H(x̄) and
w ∈ T (x̄, z).
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Proof We apply Theorem 3.6 and follow the same arguments as in Theorem 4.2, we can
prove Theorem 4.9. 
�
Theorem 4.10 In Theorem 4.7, if conditions (i), (ii), (iii) and (iv) are replaced by (i′), (ii′),
(iii′) and (iv′) respectively, where

(i′) for each x ∈ X, (z, w) � F(x, z, w) is a u.s.c. multivalued map with nonempty
compact values and T is a l.s.c. multivalued map, H and C are closed;

(ii′) for each x ∈ X, there exists y ∈ X such that for each z ∈ H(x), there exists
w ∈ T (x, z) for which

F(y, z, w) ∩ (−C(x)) = ∅;
(iii′) for each x ∈ X, the set

{y ∈ X : for each z ∈ H(x), there exists w ∈ T (x, z) such that F(y, z, w) ∩
(−C(x)) = ∅} is convex.

(iv′) there exist a nonempty compact subset K of X and a nonempty compact convex subset
D of X such that for each x ∈ D\K , there exists y ∈ D and for each z ∈ H(x), there
exists w ∈ T (x, z) such that F(y, z, w) ∩ (−C(x)) = ∅.

Then there exists x̄ ∈ X such that for each z ∈ H(x̄), there exists w ∈ T (x̄, z) such that
F(x̄, z, w) ∩ (−C(x)\{0}) = ∅.

Proof We apply Theorem 3.7 and follow the same arguments as in Theorem 4.6, we can
prove Theorem 4.10. 
�
Remark 4.7 (a) Condition (iii) of Theorem 4.9 is satisfied if for each y1, y2 ∈ X, λ ∈
[0, 1], z ∈ H(x), w ∈ T (x, z).

F(λy1 + (1 − λ)y2, z, w) ⊆ F(y1, z, w)

or

F(λy1 + (1 − λ)y2, z, w) ⊆ F(y2, z, w).

For the special cases of Theorem 4.7 and 4.8, we have the following Theorem.

Remark 4.8 Condition (iii) of Theorem 4.10 is satisfied if condition (iii′b) with ρ(x, z, w)

holds ⇔ F(x, z, w) ∩ (−C(x)) = ∅ is Remark 3.6 is satisfied.

Theorem 4.11 Let X, Z , V, C and H be the same as in Theorem 4.7. Suppose that

(i) for each x ∈ X, z � G(x, z) is l.s.c., H and C are closed;
(ii) for each x ∈ X, there exists y ∈ X such that G(y, z) �⊆ −C(x) for all z ∈ H(x);

(iii) for each x ∈ X, z ∈ H(x),
{y ∈ X : G(y, z) �⊆ −C(x)} is convex;

(iv) there exist a nonempty compact subset K of X and a nonempty compact convex subset
D of X such that for each x ∈ D\K , there exists y ∈ D for which
G(y, z) �⊆ −C(x) for all z ∈ H(x).

Then there exists x̄ ∈ X such that G(x̄, z) �⊆ −C(x̄)\{0}.
For the special case of Theorem 4.9 and 4.10, we have the following theorem.

Theorem 4.12 In Theorem 4.11, if conditions (i), (ii), (iii) and (iv) are replaced by (i′), (ii′),
(iii′) and (iv′) respectively, where
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(i′) for each x ∈ X, z � G(x, z) is u.s.c., H and C are closed;
(ii′) for each x ∈ X, there exists y ∈ X such that for each z ∈ H(x);

G(y, z) ∩ (−C(x)) = ∅.
(iii′) for each x ∈ X, z ∈ H(x),

{y ∈ X : G(y, z) ∩ (−C(x)) = ∅} is convex;
(iv′) there exist a nonempty compact subset K of X and a nonempty compact convex subset

D of X such that for each x ∈ D\K , there exists y ∈ D for which G(y, z)∩(−C(x)) =
∅ for all z ∈ H(x).

Then there exists x̄ ∈ X such that G(x̄, z) ∩ (−C(x̄)\{0}) = ∅ for all z ∈ H(x̄).
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